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SOME NEW REFINEMENTS POST QUANTUM TRAPEZIUM
LIKE INEQUALITIES PERTAINING TWICE
(p,q)-DIFFERENTIABLE CONVEX FUNCTIONS

ROZANA LIKO, ARTION KASHURI

ABSTRACT. In this paper, we establish a new post quantum integral identity
pertaining twice (p, g)—differentiable functions. Applying this identity as an
auxiliary result, H('jldcrfi§can inequality and Improved—Power mean inequality,
we obtain some new refinements post quantum inequalities via twice (p,q)—
differentiable convex functions.

1. INTRODUCTION AND PRELIMINARIES

Recall that the secant line joining the images of any two points in the domain
of a convex function dominates the entire graph between the points. A function

—_

£:Z CR — R, is said to be convex on =, if

E(ce + (1 —e)d) < e€(e) + (1 —€)&(d), (1.1)
holds for all ¢, d € E, ¢ < d and ¢ € [0, 1]. We say that £ is concave, if the inequality
(1.1) holds in the reverse direction. Following midpoint inequality is the particular
case of a convex function &.

g(c;d) SHOESUL w2)

One of the marvelous result in the theory of inequalities, is the Hermite-Hadamard
inequality or known as trapezium inequality (HHI) which gives a refinement of
. The HHI is viewed as a criterion for convex functions. For ¢, d € =, ¢ < d,
the following double inequality:

d
e(50) = ot [ stoas = SOLED, (13)

holds for any convex function £ : = — R. It not only provide an estimate of the
average integral of a given convex function £ but also gives a refinement to the
famous Jensen inequality. The geometrical significance attracts the researcher to
obatin the average integrals for generalized classes of convex functions. So far,
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many generalizations and applications has become the part of literature, see [I1 2]
3, 4 (5L 6], [7, 8, @] and the references therein.

The study of quantum calculus (more briefly g—calculus) is the calculus with
no limits. Famous mathematician Euler was responsible for introducing g as a
parameter in the Newton’s work of infinite series. Jackson worked on the classical
definition of the derivative of a function and proved many results in the domain of
g—calculus. Jackson got the credit for a systematic development of g—calculus. We
refer to [I0, [{1]. The mentioned branch is considered as an incorporative subject
between physics and mathematics, as it has numerous applications in quantum
theory, mechanics, theory of relativity, orthogonal polynomials, number theory,
combinatorics, hypergeometric functions, etc. For some current advancement in
this field, we refer to [12] [13].

For a real function &, the g—derivative is characterized by

§(as) =€ (<) (1.4)
(=1 °
where ¢ € (0,1). Numerically, it gives the slope of the line joining (gs,£(gs)) and

(¢,€(s)). The Jackson integral of a real function £ is defined by the following series
expansion

Dgé(<) =

/ £ dgs = (1— Y q€( ). (15)
r=0

The authors in [14] [15], studied the notion of g-derivative and g-integral over the
finite real interval [c, d] and defined the g.-derivative and g.-integral. For a function
¢:le,d] = R and g € (0,1), the g.-derivative and g.-integral of £ at ¢ € [c,d] are
defined and denoted by

£(s) =& (gs+ (1 —q)e)

Dgé(s) = O-oe-0 s#c (1.6)
and
/6 edgs =(1=q)(—0)Y _q"¢(q" n+(1=q")e), peled, (1.7)
r=0
respectively.

The authors in [I'7, 18, 19, [16], have contributed to the ongoing research in
g—calculus and have established some interesting results.

Post-quantum or (p, g)—calculus [20, 21], 22], 23] 24] is the generalization of ¢—
calculus. It is natural to explore the behaviour of real functions in the premises of
(p, g¢)—calculus.

In the recently past, the authors in [25], studied the concept of (p, ¢).—derivative
and (p, q).-integral over the real interval [c, d].

Definition 1.1. [25] 26] For a function & : [¢,d] - R and 0 < ¢ < p < 1, then
(p, q)c-derivative of £ at ¢ € [c,d] is expressed as

§(ps + (1 —p)e) = E(gs + (1 — g)c)
(r—q)(s—¢)

Dy q€(s) = , S#ec (1.8)
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The function £ is called (p, ¢).—differentiable on [c,d], if D, (&(s) exists for all
¢ € [e,d]. Tt is evident that

eDpg&(c) = 21_% Dy 4&(). (1.9)

Clearly, if p = 1 in (1.8]), then we have g.—derivative (1.6). If ¢ = 0, then we get
(p, ¢)—derivative in the classical sense as follows (see [27]):

Ol%aé@)laﬂgg)fﬂzz_jﬁqﬁ

The function £ is called twice (p,q).differentiable on [c,d], if .D3 (<) exists for
all ¢ € [¢,d] and is defined as

eDp 4€(<) = cDpg (Dypqf(<)). (1.11)

Definition 1.2. [26] 25] Let £ : [¢,d] — R be a function and 0 < ¢ < p < 1. The
definite (p, q).—integral of the function ¢ is characterized by the expression

, S#0. (1.10)

o0

o
[€Qtoas =00 -3 e (p3+1 ut (1 - pf;’H) ) . peled

r=0

(1.12)

Remark 1.3. (i) In Definition if p = 1, then we have (1.7)). If ¢ = 0, then we
get (p, ¢)—integral in the classical sense (see [27]):

p

n A 0 T r
[ €hutnas = [ S(c)dp,qC(pq)ung+1£(f+lu), peled. (113)
0 0 r=0

(#7) In Definition if c=0and p =1, then we obtain (see [27]):

j odgs = - 0) S e (pf;) | (1.14)
0

r=0

Definition 1.4. [27] For any real number, the (p, ¢)-bracket or twin-basic number
is defined as

pn _ qn n— n— n— n— n—
[n]pyq:ﬁ:p Lp" g4+ p" P+ pg" R+ (1.15)
The twin-basic number is a natural generalization of the g—number, that is
. 1—q" _ _

lim [n],q =[]y = a =14+q+@F+... +¢" 2 +q" (1.16)

p—1— 1-— q

Taking ¢ — 17, then

lim nl,=1+1+1+...+1=mn. (1.17)

q—1—

We see that, [n], 4 plays the same role in (p, g)—calculus as the integer n in classical
calculus and its g—analogue does in g—calculus.

The following (p, g)—integrals for suitable choices of function ¢ will be very useful
in our main results. For calculating them, we will use Definition [I.2] for special
values ¢ = 0 and p = 1. Interested reader can see also equality ([1.14]).
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Lemma 1.5. (1) Taking ¢(u) = u, then

1

=@ p—a=(q\"" p-q| 1 1
Juthn= -0 3 S (1) |

2
0 m=0 p m=0 p - ;1172 p+q
(1.18)
(2) Choosing ((u) = u?, then
1 o'} 00 3Im 1 1
" p—q q P—q
u’d, qu = (p—q = <> = = .
b/ P,q n;) p3m+3 mzzo P p3 11— ;173; p2 + pq + q2
(1.19)
(3) Taking ((u) =1 — u, then
1 1 1
1 p+qg—1
1—wu)d u:/d u—/ud u=1- = . 1.20
( )dp,q P.q P, P Pty (1.20)
0 0 0
(4) Choosing ((u) = u(l —u), then
1 1 1
1 1
/ul—u pqu:/udpqu—/qupquz -
5 ) + 2+ + 2
0 0 0 g prpaTa (1.21)
_PPHpatd®—p—gq
P+ ) (p* +pa+¢?)
(5) Taking ((u) = u(l — qu), then
1 1 1
1 q
/ul—qu quz/udpqu—q/qupqu: -
» ’ + 2 4 + g2
0 0 0 pea P (1.22)
P2
Cp+a@+peta?)
(6) Choosing ((u) = (1 —u)(1 — qu), then
1 1 1
/ (1 —wu)( 1—qu)dp7qu:/(1—u pqu—q/u (1 —w)dp,qu
0 0 0 (1.23)
_P(p—1D+palp+q)
P+ @* +p1+¢*)
(7) Taking ((u) = u?(1 — qu), then
1 1 1
/u2 (1—qu)dyqu= /qupvqu—q/u3dpvqu
0 0 0
_ 1 B q (1.24)
P’ +pq+q®  pP+pPa+pe®+ ¢
3
p

P2+ g+ )PP+ pPa+ i+ ¢P)



62 ROZANA LIKO, ARTION KASHURI

(8) Choosing ((u) = u(1 —u)(1 — qu), then

1 1 1 1
/ul—u l—qu)dpqu—/udpqu (1+4q) /u2 pqll + ¢q uquu
0 0 0 0

1 1+¢ q
Cptq pPPApet+d pPPHpPat+p®+¢® (1.25)
- i q
Cp+ 9@ +pa+d®) PP +Pa+pid+ ¢
P +p°¢* —p®

TP Hp+ AP PP+ ¢)
(9) Taking ¢(u) = u*(1 — u), then

1 1 1

/uk (1—w)dpqu= /ukdp,qu— /uk'*'ldp,qu
0 0 0
__p-a P-4 (1.26)
PRl gl T k2 gkt2
1 1

Skt B2,
(10) Choosing ¢(u) = u*+1(1 — qu), then

1 1 1
/ukH (1—qu)dyqu= /uk+1dp7qu - q/uk+2dp7qu
0 0 0
00| e e
PR _ ght2 T pkHS _ gk+3 (1.27)
—%p—w[ P2 —q) ]
(PF T2 — gFF2)(pht3 — gk t3)
B pht2
[k 2pglk 4 3l
(11) Taking ¢(u) = v (1 —u)(1 — qu), then
1
/ukH(l —u)(1 = qu)dp qu
0
1 1 1
= /uk'*'ldp,Qu —(1+ q)/ukwdp,qu—i— q/u’“‘gdp,qu
0 0 0
- 1 14¢q q (1.28)

@—@[ - ]
pk+2 _ qk+2 pk+3 _ qk+3 pk+4 _ qk+4

p2k+6 _ p2k+5 +pk+2qk+2(p o qk+2) ]
k+2 _ qk+2)(pk+3 _ qk+3)(pk+4 _ qk+4)

ZNP—Q@—@[@

_ 1 |:p2k+6 Pk | kg2 qk+2):|
[k + 2]p.qlk + 3]p gk +4lpq (p—q)
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The following Example [1.6] it is important and will be used in sequel.
Example 1.6. Let £(7) = 751 (1 — 7)%2(1 — ¢7)%® and denote

1
N(s1, 82,83;D,q) := /781(1 —7)%2(1 = q71)* dp 4T (1.29)
0
Then

oo (14s1)m m S2 m-41\ 53
.. P-4 q g L q
N(s1,52,53;p,q) = potl 7;) <p) (1 pm+1> <1 pm+1> . (1.30)

The notation N(s1, so, s3;p,q) will be used frequently for the different values of
81, 82, §3 in the upcoming results.
The well-known integral inequalities in (p, g)—calculus are given below (see [26]):

Theorem 1.7. (H6lder—j§can inequality) Let py > 1 and p% + q% = 1 where
0<q<p<1. If ¢ and % are real valued functions on [c,d] and if |p|"* and ||
are integrable on [c,d], then
d d o/
1

IN

L
a1

J1o@u@) dr < 3| [@-0 6@ e || [d=0) 0" dye

C C C

a1
d Py d

| fa-ap@r dus| | [@-al@® due

c c
1
a1

. Lo,
/ 6@)"* dp gz / (@) dpgr |

IN

where equality holds if and only if Alp(z)|"* = B | (z)|" almost everywhere, where
A and B are constants.

Theorem 1.8. (Improved—Power mean inequality) Let ¢; > 1 where 0 < ¢ <
p < 1. If ¢ and ¢ are real valued functions on [c,d] and if |¢| and |¢||y|" are
integrable on [c,d], then

d
/ 6@ ()| dpgr

d - 4 a
1
< 2| Ju-a@) dus || [@- D@l dge
d - /4 a
+ / (& — &) [9()] dpgz / (2 — &) ()] [P dpgz
d =20 /4 ar
< / 16()] dp gz / @) @) dygr | (1.32)

c

L
a1

(1.31)
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Motivated from above results the aim of this paper is to establish a new post
quantum integral identity pertaining twice (p, ¢)—differentiable functions. Applying
this identity as an auxiliary result, Hélderfbcan inequality and Improved-Power
mean inequality, we will obtain some new refinements post quantum inequalities
via twice (p, ¢)—differentiable convex functions.

2. MAIN RESULTS

Lemma 2.1. Let £ :J =[c,d] C R — R be a twice (p, q)—differentiable function on
J° (interior of J) with cDg,qf be continuous and integrable on J where0 < g < p < 1.
Then the following integral identity holds:

p*d+(1—-p?)c

g(c) +p€pd + (1 —p)e) 1 v "

P ST / E(w)
_piqz(d—c)Q 17’ —qT 2 —T)c+ T T
=P - ) D261 Tt 7d) dy (21)

Proof. From Definition we have

D2 (1= 1)+ 7d)
eDpq(eDpg&((1L —7)c+ 7d))
_ ch,qg((l — pr)c+prd) — CDP7<1€((1 —qT)c+q7d)

(r—q)(d—o)r
_ 1 {5((1 —p’)e+p*rd) — §((1 — pgr)c + pgrd)
(p—q)(d—c)r (p—q)(d—c)pr

~ &((1 = pgr)e +pgrd) — £((1 — ¢°7)c + ¢*7d) }

(p—a)(d—c)qr
= oy (6= P*T)e+ p*rd) — (0 + 0E((1 = par)e + pard)
+ pE((1 = ¢*)e + ¢*rd) } -
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From Definition [T:2] we get
1

/ pr(1L = qr)eD2 £(7) dp g

\H

(pr — pgr? [ 1—p27')0+p27'd)—(p+Q)§((1—pq7)0+pq7d)+p§((1—q27)6+q27'd)}

J pq(p — q)*(d — c)?72

=p

/1 {qé ((1 = p*r)c+p*rd) — (p + )&((1 — pg7)c + pgrd) + p&((1 q27)0+q27d)] P

0 pq(p —q)*(d — c)*7 P.a

pq/1 [ (1 —p*r)e+p*rd) — (p+ @)&(( — pgr)c + pgrd) + ps((1 — qu)chqud)}
0

pq(p — q)*(d — ¢)?

7q§:€ e p;)zl> (r+a)(p— Qi£<( -)c—i—qu d)

2
= palp—a)*(d = pap—q)*(d—c)

o £ —%) Srrd
P(p- qz ( <d+—c>2)]

Jj=

o e (11— JEr)e+ 5
- pq [qu(p—q)(d—C)Z p3(q(p_q)2(d_c)3 )

7=0

2 e (0
—(p+a)p*(p—a)(d—c )]ZO P T

Jj+2

j+2 j+2
+pp’(p—q)d *Cip 5((1—;’,j+1)6+§j+1d)]
Jj=

pg*(p — q)*(d —c)?
[ (i’fs(a;’ac
Jj=0
=p|q

) fgfog (-2 q;jld))
>e(0- e grd) - (- pj+f>c+piiid))]

»Q

pa(p —q)(d —¢)?
pa(p — q)(d — ¢)?

p*d+(1-p°)c

C

pq(p —q)*(d — )3

—Dg

p>d+(1-p?)c
p+q) [ &) edpqu—(p+q)(p—q)(d—c)p&(pd + (1 —p)c)

) 2% (p — ¢)*(d — ¢)®

pPd+(1—p?)c
P +f £(u) cdpqu— (p—q)(d — c)p*E(pd + (1 — p)e) — pa(p — q)(d — ¢)gé(gd + (1 — q)c)

+ ) pg3(p — q)%(d — ¢)®

[ [(&(pd+ (1 —p)c) —&(e) (E(qd+ (1 —q)e) —E(e)\ ]
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Multiplying the last equality by %, we obtain the desired equality 1) O

Remark 2.2. Taking p =1 in Lemma 2.1} we get ([17], Lemma 4.1).

Theorem 2.3. Let £ : J = [¢,d] C R — R be a twice (p, q)—differentiable function
on J° and c,d € J° with cDg’q§ be continuous and integrable on J where 0 < q <

p<1.1If ’CDquﬂk is convex on [c,d] for k > 1, then

£(c) §( (1-p)e) 1 P *(d—c)?
q&(c) + p&(pd + p)c pq*(d —c
— cd < =
p+yq p*(d—c) () cdpqu pt+q

C

(p2+pq+q2—p—q

-t
0+ )* +pa+ q2>> (D& N 2,1,k p,0) + 103 4 (O] N (12 K:p,0)

1

+ (1)1_i<\[ﬂ &(d)|" N(3,0,k; p, q) + | D> f(cﬂk]V(2],k47q))k
p2+pq+q2 ¢ p,q 3 M W c“pq s Ly vy Py )

(2.3)

where N (2,1, k;p, q), N(1,2,k; p,q) and N (3,0, k; p, q) are obtained in Example[L.6]

Proof. From Lemma 2.1} applying property of modulus, we have

p’d+(1-p?)c

g€(c) +p§(pd+ (1 —p)c) 1 §(u) cdp,qu

p+q p*(d—c)

1
<P / (1= q7) |-D2,6((1 = m)e+7d)|" dygr. (24)
0

Ptyq

==
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By convexity of ’CDqug |]C and Improved—Power mean inequality, we get

1
/T(l —qr) ’ CDf,’qg(rd +(1- T)c)| dp g
0

1—

el
el

1 1
/(1 — T)Tdp T /(1 —7)7(l — QT)k ’ CDg’qf(Td-i- (1- T)C)|k dp T

IA

1—

1 1

+ (/ T2dp’q’7' /7'2 1-— q7' Dzng(Td +(1- T)C)‘k dp o
0 0
1_

1
&

=

1

k

1
[r=na-ar [r1.02, @[ + (1) D€ @] dpar
0

IA
~
O\H

_

|

\‘

S~—

\‘

=8

e

[te)

\‘

1
k

72(1 — gr)* |qu§ d)|* (1—T)|CD§,qg(c)|’“] dyyT

+
—
o _
ﬁ
[ V]
:SQ.
=)
\1
O\H

x\»a

==

(1—7)(1 —gr)'dy g7 + |CD§7<1§ (c)|k

X

o
=T
=)
—~

QU
S~—

o
(=)
—

1
/T(l - 7')2(1 - q7')kdp7q7'
0

1
k

1 1
<\ LBL @l [Pt dr D2 O [Pu-na-atar| o @)
0 0

Utilizing results (1.19) and (1.21) from Lemma Example and inequalities
(2.4), (2.5), we obtain the desired inequality (2.3)) O

Theorem 2.4. Let £ :J = [c,d] CR — R be a twice (p, q)—differentiable function
on J° and c,d € J° with ch,’qg be continuous and integrable on J where 0 < q <

p<1.1If |CD§)€{§|]C is convex on [c,d] for k > 1, then

=
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p’d+(1-p*)c

ptq

P2d—0) £(u) cdp,qu

1-%
p4+p2q2—p3 > %

pg*(d — c)? (
- pHyg (P + pg + ¢*)(P® + p?q + pg® + ¢3)

X (|CD§,q5(d)\

k

Blp.a[4lp.a[5lp.4

1 [ﬁ—ﬁ+ﬁf@—ﬁ

p—q :| +|cD12)’q§ (C)|kN(1>2717P;Q))

- (<p2 T prt &)

x (|CD

2
p,q

p3 )1k
3+ p2q+pg® + ¢3)

¢(@)* ((

4
p
p“p%+ﬁf+mMQWﬁ+ﬁwpf+¢J

1
! 1 P —p" + P\ *
D2, [ 7 (2.6
‘ - | [3]p,4[4]p.q[5]p.q p—q
Proof. From Lemma [2.1] applying property of modulus, we have
£(0)+ pE(pd+ (1— p)e) e
gé(c) +p&(pd + (1 —p)c 1
_ ) odp gl
p+q p2(d_C) 5( ) D,q
2 d 2 !
< PUP [ gy B30 - Dt )] dyr 2D
0

==
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By convexity of ’CDqug |]C and Improved—Power mean inequality, we get

1
/7(1 —qr) ’ CDquf(Td +(1- T)c)| dpqT
0

1
1- %

=

IN
S
o—_

—

|

\1

S~—

\1

—~

—

|

(=)

\‘

SN—

:BQ‘

a

\‘

1
/(1 — )1 —gr) | D2 E(rd+ (1 = 7)0)|" dpgr
0

1
k

1 1
+ (/ 7'2(1 —qT)dpqT /72(1 —qT) | CD;qf(Td +(1- T)c)|k dpgT
0 0

1
1-%

INA
/_\
o—

_

\

\]

S—

\]

—~

i

\

)

\]

S~—

_’3&.

_

\]

e

1 1
1-% 1 %

=

1 1
X ‘CDi}qg(d)’k/TQ(l — 7)1 —qr)dp o7 + |CD12W§ (c)‘]c /7‘(1 —7)%(1 - qr)dy oT
0 0

1
1-%

1 1
x \CD;qg(d)yk/T?’(l —g7) + D2 ¢ (c)]k/TQ(l 7)1 = qr)dygr | (2.8)
0 0

Utilizing results (L.25)) and (T.28) from Lemmal[l.5, Example [I.6)and inequalities
(2.7), (2.8), we obtain the required inequality ([2.6)). ]

Theorem 2.5. Let £ :J = [c,d] CR — R be a twice (p, q)—differentiable function
on J° and c,d € J° with ch,’qg be continuous and integrable on J where 0 < q <

p<1.1If |CD§)€{§|]C is convex on [c,d] for k > 1, then
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2d+(1-p?)e
q€(c) + p&(pd + (1 — p)e) ) pPd+(1—p d
p+q P2(d—o) / €(u) odpqu

= O

< pg*(d —c)?
p+q

<p2<p1>+pq(p+q>>1‘

(p+ @) (P> +pg+¢?)

p2k+5 + pk+2qk+2(

x D3 {p -
[k + 2]10#1[]{7 + ?’]ZMI[]c + 4]p,q

D — qk+2

(r—aq)
2

+( p )
(p+q)(P*+pq+¢?)
k43 2 k 2 k
% <p + ‘CDp,q£<d)’ 4 |CDPaQ£ (C)’

)} + |D3 & (©)]" N(k,2, 1;p; q)>

-

P2kt _
[k +3lpglk +4)pq [k +2lpglk +3pqlk +4pq {

Proof. From Lemma [2.1] applying property of modulus, we have

(O trpdt (=p)) 1 G
q&(c) +ps(pa + (1 —p)c)

1
S19612(d—6)2/
pta )

k
(1 —gqr) ’cD;qf((l —T)c+ Td)‘ dpgT.

(r—1q)
(2.9)

2RS4 pht2gh+2(p  ght2) } ) F

,qU

(2.10)

e
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By convexity of ’CDqug |]C and Improved—Power mean inequality, we get

1
/T(l —qr) ’ CDg’qf(Td +(1- T)C)’ dpgT
0

IN
~
O\H

_

|

\]

S—

—

[

|

(S

\]

N—

%Q"

Q

\]

el

1

1 ¥ /1

+ (/T(l —qT)dpgT /Tk+1(1 —qr) ‘ CDi’qf(Td +(1- T)C)’k dpqT
0

0

IA
/-
S

-

|

q

S~—

—~

—

|

(=)

ﬂ

N—

QL

3

=}

ﬂ

/Tk+1(1 —7)(1 —qr)d, o7 + /Tk(l — 7')2(1 —qr) |CD§’Q§ (c)!k
0 0

1
x| D2 ()| / 21— qr)dy g7 + [ D2 € () [ T = gr) (1= T)dy T

o _

p—1) +pQ(p+Q)> oF
p+q (p? +pg + ¢?)

( 2 ¢(d) |k PRS2k k2 k2 () gkt2)
ol |

=

/(1 — T)Tk(l —qr) | Cqug(Td +(1- T)C)’k dp T

=

dp,qT

B

1
k

k
k+2p,q k+3]pq[k+4 ) +[cD} £ (o) N(k,2,1; p; Q)>
1—1

+ )

(p+aq)( + pq+q?)

1
(W |cDZ,q£<d>|k D26 ()] {pw — PR 4 R (p - qk”)Dk (2.11)
[k + 3}p,q[k + 4]p,q [k + 2]p,q[k + 3]p,q[k + 4]p,q (p - ‘I) ’ .

Utilizing results (1.22)), (1.23)), (1.27) and [1.28] from Lemma Example
and inequalities (2.10)), (2.11)), we obtain the required inequality ([2.9). ([l

Theorem 2.6. Let £ :J = [c,d] CR — R be a twice (p, q)—differentiable function
on J° and c,d € J° with ch,’qg be continuous and integrable on J where 0 < q <

p<1.1If |CD§)€{§|]C is convex on [c,d] for k > 1, then
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pPd+(1-p°)c

qé(c) + p&(pd + (1 —p)e) 1

p+q - p2(d—c) / f(u) elp g
<1m2w-®2 <p4-q—1)1_i
T ptyg p+yq

Eal

% ([-D2.6@]" N+ 1,1,k p,a) + [ D2, ()] Nk, 2. i, 0)

1\ %
(550)
p+q

k k 3
(D2 N+ 2.0,8,0) + [ D, £ @ Nk 1.1 ksp)) | (212
Proof. From Lemma [2.1] applying property of modulus, we have
€(0) + pE(pd + (1= p)0) e
gé(c) +p&(pd + (1 —p)c 1
- &(u) odpqu
p+q p*(d o) () oa
2 d 2 !
U [ ) |- el by 01
0
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By convexity of ’CDqug |]C and Improved—Power mean inequality, we get

1
/7 (1—gqg7) D;qf(Td +(1- T)c)| dpgT
0

1—1L

1 T /1 %
< / (1—7)dpqT /(1 — )R = ¢r)* ‘ ch,,qf(Td +(1- T)C)’k dpgT
0 0
1 %

+ po,qr /Tk+1(1 —qr)* ‘ CD;,qf(Td +(1- T)c)|k dpgT

0

1-%
<

1
/1—7’ 0,qT
0

1 1
k k
X p,q ’ / 1 —7)(1 - qT)kdp,qT + /Tk(l - 7)2(1 - q7'>k !ch,,qf (C>‘ dp,qT
0 0

=

:(p+q—1> *
pPtq
2 k g
X( ‘ Nk+1 k,p,q)+|ch,q€(C)’ N(k727k7paQ))
(77 )
P+q
x( (@)]" Nk +2,0,k;p, q) |CD§)q£(c)]kN(k+1,1,k;p7Q))E~

Utilizing results (1.18)) and ([1.20)) from Lemma Example[L.6|and inequalities
(2.13)), (2.14), we obtain the required inequality (2.12)) O

Theorem 2.7. Let £ :J = [c,d] CR — R be a twice (p, q)—differentiable function
on J° and c,d € J° with ch,’qg be continuous and integrable on J where 0 < q <

p<1.1If |CD§)€{§|]C is convex on [c,d] for k > 1 with % + % =1, then

B[
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p’d+(1-p?)c

g(c) +pépd+ (1 —p)c) 1 u u
e pg(d—C) c/ f()cdp»q
pg*(d —c)? NS
< YV |:(N(171757p7 q))

k

+q¢—1)—p*(1 —p) —¢*(1 —
. (|CD§’q£(d>‘k (p(qp(er §q+;2)(§3(+p25>+ p22(+ q‘g)) + oDt @ N (12,005 q>)

+ (N (2,0,5;p,9))

1
1 k(palp+a—1)—p*(1-p) —¢* (L —q)\\*
x (1.D? &(d F + |.D? c ( .
(‘ pat(@)| p*+r*a+pe®+ ¢ <548 (€) (P* + g+ ¢*)(P* + P+ pg® + ¢°)
(2.14)
Proof. From Lemma [2.1] applying property of modulus, we have
(¢) + pE(pd + (1 - p)o) vt
gé(c) + p&(pd + (1 —p)c 1
: - £ edyqu
p+q p*(d—c)
2 d 2 !
< W/TQ—W) D2 &((1=T)e+7d)|" dpgr. (2.15)
0



SOME NEW REFINEMENTS POST QUANTUM TRAPEZIUM LIKE INEQUALITIES 75

By convexity of ’CDqug |]C and Hélderfi§can inequality, we get

1

m\»—‘

k(1 —gqr) ‘ CDZQ,’qf(Td +(1- T)C)’ dp T

[

1
1 s /1 %
< /(1 —7)7(1 = q7)°dp 7 /(1 —-7)T ’ cDg’qf(Td +(1- T)C)|k dp T
0 0
1 1
1 s 1 k
+ /7'2(1 —q7)%dp T /7'2 | CD27q5(7d+ (1- T)C)|k dpqT
0 0
1 H
< /T(l — 7)1 —q7)’dpqT
0

el

x| |02 &(@)]"

o _

1
k
21— T)dp 4T + /7(1 —7)? D2 £ ()| dpgr
0

W[

1
+ /7'2(1 —q7)°dp T
0

EE

1 1
x | |-D2 ,£(d) |k/7’3dpq7'—|—| D2 ¢ (c)|k/7'2(1—7')dp,q7'
0

w|=

=(N(,1,sp.q

0
q))°
k(p q(p+q—1)— (1—p)—q2(1—£)7)>+| D2

X
oD (p? +pg + ¢*)(P® + p?q + pg® + ¢3

k &
c)| N(1,2,0;p,q)>

n\»—‘

+(N(2,0,5p,q))°
" <| D2 (@) 1 D (pq(p+q— 1) —p*(1—p) —¢°(1 —Q)bz)l%)

PP+l +pe® +q (p? + pq + ¢*)(P® + p2q + pg® + ¢3)

Utilizing result (1.26) from Lemma Example and inequalities (2.15)),
(2.16)), we obtain the required inequality ([2.14]). O

Theorem 2.8. Let £ :J = [c,d] CR — R be a twice (p, q)—differentiable function
on J° and c,d € J° with ch,’qg be continuous and integrable on J where 0 < q <

p<1.1If |CD§)€{§|]C is convex on [c,d] for k > 1 with % + % =1, then



76 ROZANA LIKO, ARTION KASHURI

p’d+(1-p?)c

gé(c) +pE(pd + (1 —p)e) 1 u u
e pg(d—C) c/ f()cdp»q
pg*(d —¢)? : :
< W |:(N(851787p7 q)):

) k(PP +pe+d*—p—q 2 k 19(1—17)2Jrf](l—q)24r2z7cz(19+q—1))>i
g ('ch’qg(d” ((p+Q)(p2+pq+q2)> FlePrat ) ( (P + )+ pg + ¢*)

+ (N(s+1,0,5;p,9))

" (\Cqug(d)ﬁ (1> L2 <p2 +pg + ¢ —p—q)>k]

-

p? +pg+¢? (p+a)®* +pg+q°)
(2.17)
Proof. From Lemma [2.1] applying property of modulus, we have
(€) + pElpd + (1 - p)o) S
qé(c) + p&(pd + (1 —p)c 1
S - (1) ody
p+q p*(d—c)
2 d 2 !
<P o gr) D20 - et ) dyr (219
D .
0
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By convexity of ’CDqug |]C and Hélderfi§can inequality, we get

1

m\»—‘

1
[t =an) | DR g+ =110 dyr
0

1 s/ H
/(1 —7)7°(1 — q7)°dp o7 /(1 -7) | cqug(Td +(1- T)C)|k dp T
0

0

IN

s k

L 1
n /Ts—i-l 1— qr)’dy T /7—‘ Cpg?qg(fd +(1- T)C)|k dp.qT
0 0

1 s
< /7' 1—7)(1—qr)’dpqT
0
1
1 k
k k
x| D3 &(d)] /7(177)dp,q7+/(1—7)2|CD§7qg(c)| dpqT
0 0
1
1 s
+ /TS+1(1 —q71)%dp,qT
0
1 1 P
k k
X | D2 qf (d) | /Tde,qT—F |CD]2),q§ (c)| /7‘(1 —T)dp,qT
0 0
= (N(s,1,s;p,q ))l
1
2 2 2 2 %
k(PP +pe+q>—p—q k(p(1—=p)°+q(1—q)+2pg(p+q—1)\\"*
< {|eD ( ) + D2 £ (0)] (

(p+q)(P* + g+ ¢?) (r+q)(P*+pg+¢?)

—|—(N(s—|—1,0,s;p,q))%

1 p (PP Apa+a—p—q\\*
x (|.D? dk<>+cD2 c (
(‘ pat(@)| p*+pq+ ¢ <548 ()] (p+a)(P* +pq+¢*)

Utilizing results (|1.19) and (|1.22)) from Lemma Exampleand inequalities
(2.18]), (2.19)), we obtain the required inequality (2.17)) a

Theorem 2.9. Let £ :J = [c,d] CR — R be a twice (p, q)—differentiable function
on J° and c,d € J° with ch,’qg be continuous and integrable on J where 0 < q <

p<1.1If |CD§)€{§|]C is convex on [c,d] for k > 1 with % + % =1, then
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p’d+(1—p*)c
€ e -p) 1 T
p+q p?(d—c) o
< pgd—c)’ < 11 ) :
o p+gq [s+1pg [5+2pg

el

% (102, £@]" N1 1, ks p,0) + |D2 € ()] N (0,2 ki, )

1
s

()

< ([eD2 &) N (2,0, ksp.q) + D2 48 () N(L L kipg) | (2.19)

=
—_

Proof. From Lemma [2.1] applying property of modulus, we have

€0 ot t (1-pg) 1
q§(c) + p&(pa + (1 — p)c
p+q - p2(d— C) f(u) cdp,qu

1

2(d — ¢)? k

<P [ ) |03 (O et 7 dpr. (220
0
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By convexity of ’CDqug |]C and Hélderfi§can inequality, we get

1
/T(l —qr) ’ cDg’qf(Td +(1- T)c)| dp g
0

1
(/ 1—7)r%dp g7
0
1 H
+ (/ TS—Hdp’q’T
0

(

1
0/

+ SHdp q7>
1
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o =

IN

1
/(1 — 7)1 = qn)*| D2 E(rd+ (1 =7)O)|" dygr
0

1
k

1
/’7’ 1—qr)* Dz’qg(Td +(1- T)c)}k dpqT
0
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O\H
\]
-
\
\‘
't%
2
\]

1
k k
@1 [ 720 = ) dyar + D3, @ [ 7= 7)1 = ar)¥dyr
0

1
s

)
Upg [8+2]pq

=

x (@) N(1,1,k;p,q) + | D2 (c)|kN(0,2,k;p,q))

(
(o0
<s+2m>
(o0

(@[" N(2,0,kp,0) + [D3,& (O N(1L 1 ksp))

_|_

=

X

Utilizing result (1.26) from Lemma Example and inequalities (2.20)),
(2.21)), we obtain the required inequality (2.19)) O

Theorem 2.10. Let £ :J = [¢,d] CR — R be a twice (p, q)—differentiable function
on J° and c,d € J° with ch,’qg be continuous and integrable on J where 0 < q <

p<1.1If |CD§)€{§|]C is convex on [c,d] for k > 1 with % + % =1, then

=

1
(1 —7)(1 — qr)* quJr/l*T lquk|D C)|kdp,q7
0

==

e

(2.21)
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pd+(1-p?)c

g€(c) + p€(pd + (1 — p)e) 1 /
_ od
p+q p2(d—c) §(u) cpqu
2 2
pg*(d —c) 1
< —— [(N(0,1, s; p, s
<P (N0 L sm9)
< (1D (G — g ) + D O Nk 2.0p0))
b k+2]pq [k+3]4 P
+(N(1,0,5;p,9))°
1 k 1 1 G
D2 )| —— 1 |.D2 ( - )) . (222
< (Phasol g b O (s~ (2.22)
Proof. From Lemma [2.1] applying property of modulus, we have
€0 4 ptpit (pe) 1
q§(c) + p&(pa + (1 —p)c
p+q p?(d—c) §() ey g
2(d )2 !
pq —C k
< W/T(l—qﬂ ’0D27q§((1—7)c+7d)‘ dpgT. (2.23)
0
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By convexity of ’CDqug |]C and Hélderfi§can inequality, we get

1
/T(l —qT) | CDzqu(Td +(1- T)c)| dp T
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1 1
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<\ JP <[k 2. [k+3]p7q> +eDy g€ ()] N(k,2,05p, q)>
+(N(1,0,5:p.9)°
2 1 2 1 1 %
(YT T N PN S R B ) Lo

Utilizing result (1.26) from Lemma Example and inequalities (2.23),
(2.24), we obtain the required inequality ([2.22]). O

Theorem 2.11. Let £ :J = [¢,d] CR — R be a twice (p, q)—differentiable function
on J° and c,d € J° with ch,’qg be continuous and integrable on J where 0 < q <

p<1.1If |CD§)€{§|]C is convex on [c,d] for k > 1 with % + % =1, then
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pPd+(1-p°)c

gé(c) + pé(pd + (1 - p)c) 1
ptq -9 ) el
pg*(d — c)? o o)
<P (N (5,1, 15p,0))
2 k P+’ —p° ) 2 k - >1
x <|Cpp7qg(d)| ((p2+pq+q2)(p3+p2q+pq2+q3) + Dy 46 ()] N(0,2,15p, )

s+2 s 3
(o) (20l (o o)
s+ 2]p,q[5 + 3lp,g ’ (p? + pg + @) (P + P%q + pa® + ¢°)

4 2 2 3 %

k p-+p°qg-—p

+ |D? £(c) ( )) . (2.25)
‘ p,q | (p2 +pq+q2)(p3 +p2q +pq2+q3)

Proof. From Lemma [2.1] applying property of modulus, we have

p’d+(1-p?)c
§(u) cdpqu

g€(c) +p§(pd+ (1 —p)c) 1
p+q p*(d—c)

© . (2.26)

1
L pad=of 7(1—qr) [eD2 (1 —7)e+7d)
P + q O/ p,q
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By convexity of ’CDqug |]C and Hélderfi§can inequality, we get

1
/T(l —qr) ’ CDg’qf(Td +(1- T)C)’ dpgT
0

1
s 1

< ( Ja-nra-amiur | { [a-na-]Dh g 10=n0l dr
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1
s 1

1
+ (/ Ts+1(1 _ (]T)dp,qT /7—(1 — qT) ‘ cDi’qf(Td—f— (1 — T)C)’k dp’qT
0 0

s

(1 —7)(1 —gq7)dp o7
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o

k

0
)
4 2 2 3
k pt+ 7 —p
(L2 (G o
(P2 + pq + ¢*)(P® + p2q + pa® + ¢3)
s+2 s . 3
Homosras) (P20 (o)
[s 4+ 2]p,qls +3lp,q ’ (p? + pa + ¢%) (P + p>q + pg® + ¢°)
1
p4+p2q2_p3 ))k
P2 +pq +¢)(p3 + p*q+ pa® + )

+ D2 £ (o) ((

Utilizing result (1.24) from Lemma Example and inequalities (2.26)),
(2.27), we obtain the required inequality ([2.25). ]

Remark 2.12. Taking p, ¢ — 17, then form our main results we can derive many
other new and useful inequalities. It is important to mentioned that, for suitable
choices of convex function, like £(z) = 2™, > 0, where n € N and n > 2; {(x) =
et x € R; &(x) = %, x > 0 etc., we can deduce from our main results many new
interesting inequalities using special means. We omit here their proofs due to length
of the paper and the details are left to the interested reader.

) + D2 ()] N (0,2, 1;p, q>)

L
k

=

L
k

(2.27)
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3. CONCLUSION

In this paper, we have derived a new post quantum integral identity pertaining
twice (p, ¢)—differentiable functions. Applying this identity as an auxiliary result,
Hélderi@can inequality and Improved—Power mean inequality, we obtain some new
refinements post quantum inequalities via twice (p, q)—differentiable convex func-
tions. Remark [2:12] shown the efficient of our main results regarding application
to special means. The results of this paper are new and significantly contribute to
the existing literature on the topic. We hope that current work using our idea and
technique will attract the attention of researchers working in mathematical analysis
and other related fields in pure and applied sciences.

Acknowledgments. The authors would like to thank the anonymous referee for
his/her comments that helped us improve this article.
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