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v-SCHATTEN NORM GENERALIZED OSTROWSKI, OPIAL AND
HILBERT-PACHPATTE TYPE INEQUALITIES FOR VON
NEUMANN-SCHATTEN CLASS B, (H) VALUED FUNCTIONS
WITH INTEGER VECTORIAL DERIVATIVES

GEORGE A. ANASTASSIOU

ABSTRACT. Using a generalized vectorial Taylor formula involving ordinary
vector derivatives we establish mixed Ostrowski, Opial and Hilbert-Pachpatte
type inequalities for several von Neumann-Schatten class B (H) valued func-
tions. The estimates are with respect to all norms ||-||,, 1 < p < co. We finish
with applications.

1. INTRODUCTION

Our main motivation is [3].
We mention a uniform mixed generalized Ostrowski type inequality for several
functions that are Banach algebra valued.

Theorem 1. ([3]) Let n € N and f; € C™ ([a,b],A), i =1,...,7 € N—{1}; where
[a,b] C R and (A, |||]) is a Banach algebra. Let g € C* ([a,b]), strictly increasing,
such that g~ € C™ ([g (a),g (b)]). We assume that (f; og_l)(j) (g(x0)) =0,5 =
1,..,n—1;4=1,...,r; where xg € [a,b] be fized. Denote by

E(fla ceey fr) (Io) =

b s b r
S| 6@ | s@d—| [ |I16@|de|re|.

J#i J#i

1

E (fi,.s fr) (z0) = =)
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r zo r g(zo)
-1)" fi(x z—g@)" " (fiog! (n) zdz> dz | +
S| |/ 1_1()(/ (=g @) (hog™)" ()

i=1 g(=)
i

b r . g(x) 2 — (ot (n)zd;;)dx
A 15 (/g(%)@() P (fog) ) ,

JF#i
and

1B (i £) o) < &

T

5 e

i=1

ooy @ =@ | [ TL5 @ |

‘].7 .
J#i

oo™ sy @@ =9 o))" / f[fj(x)ll da

‘7._ .
J#i

We also mention a left generalized Opial type inequality for ordinary vector
valued derivatives:

Theorem 2. ([3]) Let p,q > 1: %—&—% =1, andn €N, f € C"([a,b],A); where
[a,b] C R and (A, |-]|) is a Banach algebra. Let g € C* ([a,b]), strictly increasing,

such that g=* € C" ([g(a), g (b)]). We assume that (f 09—1)0) (g(x0)) =0, 7=
0,1,....,n — 1; where zg € [a,b] be fized. Then

/g(-t)
g(xo)

(9(z)—g (130))%%_% (/g(m)
20 (n— D pm—1)+1)(p(n—1)+2)]7 Voo

for all zg < x <b.

(Fos™) () (Fog™)™ ()] ¢z <

(Fog )™ <Z>quz)"

(4)

We also mention a left generalized Hilbert-Pachpatte inequality for ordinary
vector valued derivatives.

Theorem 3. ([3]) Let i = 1,2, pg > 1 : -+ - =1, and n;, € N, f; €
C™ ([ai, bi] , A); where [a;,b;] C R and (A, |]]) s Banach algebra. Let g; €
C" ([ai, bs]), strictly increasing, such that g;* € C™ ([g; (ai),gi (b;)]). We assume
that (fz ogi_l)(m (9i (o)) =0, j; = 0,1,...,n; — 1; where zo; € [a;,b;] be fized.
Then

1 1
p g
) a

/91@ /mﬂ I(frogr!) (21) (fa095") (20)]| dzrdzs
g g

(21— gl(a/[n))[’(”l 1)+1 n (22_92(9002))4(n2*1)+1> —

2(x02) FICICTESESY! q(q(n2—1)+1)

1(o1)
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(91 (b1) — g1 (wo1)) (92 (b2) — g2 (wo2))

(ng — D! (ng —1)!
720623
We are motivated also by S. Dragomir [7] recent work:
Let (H,(-,-)) be a complex Hilbert space and B (H) the Banach algebra of all
bounded linear operators on H.
An operator A € B(H) is said to belong to the von Neumann-Schatten class
B, (H), 1 <p < oo if the p-Schatten norm is finite

[l esn™

Lq([91(z01),91 (b1)],A) Ly ([92(02),g2(b2)],A)

A, == [tr (JA]")]7 < oc.

Assume that A : [a,b] — B, (H), B : [a,b] — B, (H), p,q > 1 with % + % =1, are
continuous and B is strongly differentiable on (a,b), then

b b
|/ A(t)B(t)dt—(/ A(s)ds)B(u)

(30 —a)+ |u— 2] f HA(t)updt,

<

1

<ufa>f*+1+<bfu>/’+ gf HA
/ { B+1
t;{l},)b] 1B (t)”q N fora , 8> 1 with l +5=

[ 0—a) + (u—22)°] swp 4],
t€(a,b]
for all u € [a,b], an Ostrowski type inequality.

Ostrowski type inequalities have great applications to integral approximations
in Numerical Analysis.

We presented ([I], Ch. 8,9) mixed fractional Ostrowski inequalities for several
functions for various norms.

In this article we generalize [1], Ch. 8,9 for several B, (H) valued functions by
using ordinary vector valued derivatives and our integrals here are of Bochner type
[8].

Opial-type inequalities are used a lot in proving uniqueness of solutions to dif-
ferential equations and also to give upper bounds to their solutions.

In this work we also derive Opial type inequalities for B, (H) valued functions
with respect to ordinary vector valued derivatives.

Additionally we include in this article related to B, (H) Hilbert-Pachpatte type
inequalities, [I0]. We finish with selective applications to Ostrowski, Opial and
Hilbert-Pachpatte inequalities.

2. BACKGROUND

We use the following generalized vector Taylor’s formula:

Theorem 4. (2], p. 97) Let n € N and f € C"([a,b],X), where [a,b] C R
and (X,||-]]) is a Banach space. Let g € C'([a,b]), strictly increasing, such that



4-SCHATTEN NORM GENERALIZED OSTROWSKI, OPIAL AND HILBERT-PACHPATTE 35
g teC([g(a),g(b)]). Let any z,y € [a,b]. Then

Fa) = r)+ 3 DI (000 ) g

i

; 9) _\n—1 o _1\(n)
+(n1)!/g(y) (9(x) =2)"" (fog™')" (2)dz.

The derivatives here are defined similarly to the numerical ones, see [12], pp.
83-86.

The above integral is of Bochner type [§], and so are the integrals in this work.
By [2], p. 3, if f € C ([a,b],X) then f is Bochner integrable.

3. ABOUT BASIC BANACH ALGEBRAS

All here come from [IT].
‘We need

Definition 5. ([11], p. 245) A complex algebra is a vector space A over the complex
field C in which a multiplication is defined that satisfies

z (yz) = (zy) z, (8)
(v+y)z=az+yz o(y+2) = ay+az, (9)

and
a(zy) = (az)y =z (ay), (10)

for all x,y and z in A and for all scalars .
Additionally if A is a Banach space with respect to a morm that satisfies the
multiplicative inequality

eyl < llzllllyll (z€ A, yeA) (11)
and if A contains a unit element e such that
ze=exr=z (z€A) (12)
and
lell =1, (13)

then A is called a Banach algebra.
A is commutative iff xy = yx for all x,y € A.

We make

Remark 6. Commutativity of A will be explicited stated when needed.

There exists at most one e € A that satisfies (@

Inequality makes multiplication to be continuous, more precisely left and
right continuous, see [11], p. 246.

Multiplication in A is not necessarily the numerical multiplication, it is some-
thing more general and it is defined abstractly, that is for x,y € A we have xy € A,
e.g. composition or convolution, etc.

For nice examples about Banach algebras see [11], p. 247-248, § 10.35.

We also make
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Remark 7. Next we mention about integration of A-valued functions, see [11], p.
259, § 10.22:

If A is a Banach algebra and f is a continuous A-valued function on some
compact Hausdorff space Q on which a complex Borel measure i is defined, then
[ fdp exists and has all the properties that were discussed in Chapter 8 of [11I,
simply because A is a Banach space. However, an additional property can be added
to these, namely: If x € A, then

sc/ f du:/ zf (p) du(p) (14)
Q Q

(/Qfdu)mzfo(p)wdu(p)- (15)

The Bochner integrals we will involve in our article follow and .

and

4. p-SCHATTEN NORMS BACKGROUND

In this advanced section all come from [7].

Let (H,(-,-)) be a complex Hilbert space and B(H) the Banach algebra of all
bounded linear operators on H. If {e;},.; an orthonormal basis of H, we say that
A € B(H) is of trace class if

ALl =" (Al esse) < oo (16)
iel
The definition of ||Al|; does not depend on the choice of the orthornormal basis

{ei};,c;- We denote by By (H) the set of trace class operators in B (H).
We define the trace of a trace class operator A € By (H) to be

tr (A) := Z (Ae;,e;), (17)

i€l
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series

converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 8. We have:
(i) If A€ By (H) then A* € By (H) and

tr (A*) =tr (A); (18)
(i) If A€ By (H) and T € B(H), then AT, TA € By (H) and
tr(AT) =tr (T'A) and |tr (AT)| < [|All, [T1}; (19)

(#i) tr () is a bounded linear functional on By (H) with ||tr]] = 1;
(iv) If A,B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) (finite rank operators) is a dense subspace of By (H) .

An operator A € B(H) is said to belong to the von Neumann-Schatten class
B, (H), 1 < p < oo if the p-Schatten norm is finite [I4, p. 60-64]

A, == [tr (|A")]7 < oc,

|A|P is an operator notation and not a power.
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For 1 < p < ¢ < oo we have that
By (H) C B, (H) C By (H) C B(H) (20)
and
Al = 1All, = [|All, = 1Al (21)
For p > 1 the functional |-||, is a norm on the *-ideal B, (H), which is a Banach
algebra, and (Bp (H), H||p) is a Banach space.
Also, see for instance [I4], p. 60-64], for p > 1,
IAll, = [1A"]l,, A€ B, (H) (22)
[ABIl, < [|All, [ Bl , A, B € B, (H) (23)
and
IABI|, < [|A[l, [IBIl, IBA[l, < [IB[lAll,, A€By(H), BeB(H). (24)
This implies that
ICABI|, < [|Cl[[All, |1 BIl, Ae€B,(H), B,CeB(H). (25)
In terms of p-Schatten norm we have the Holder inequality for p, ¢ > 1 with I%—i—% =
1:
(Itr (AB)| <) |AB|l, < [|All, IBll,, A€B,(H),BeB,(H). (26)
For the theory of trace functionals and their applications the interested reader is
referred to [13] and [14].

For some classical trace inequalities see [5], [6] and [9], which are continuations
of the work of Bellman [4].

5. MAIN RESULTS

We start with 1-2-Schatten norms mixed generalized Ostrowski type inequalities
for several functions that are Banach algebra By (H) C B(H) valued. A uniform
estimate follows.

Theorem 9. Let n € N and f; € C™ ([a,b], B2 (H)), i =1,...,7 € N—{1}; where
[a,b] C R and By (H) is a *-ideal, which (By (H),||l,) is a Banach algebra. Let
g € Ct([a,b]), strictly increasing, such that g=1 € C™ ([g(a), g (b)]). We assume

that (fi og_l)(]) (9(x0)=0,j=1,...,n—=1;i=1,...,r; where xo € [a,b] be fired.
Denote by
F (fl; veoy fr) ((E()) =

b T b r
> / [1 5 @) | 7w do - / 156 || s e

G i

1
NE (frses fr) (@o)ll; < il

> ||llos

2\L[g(m(w(g(aco)—g(a))” / jl;[1||fj(a:)||2 da
JF#i
(28)
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Proof. Let xg € [a, b] such that (fZ ogil)(j) (g(x0))=0,j=1,....n—1;i=1,...,r.
Let x € [a, o], then by Theorem 4| we have

(Foa™) Loy @O =g o) L szngw

J#t

1 g(x) n— _1\(n)
ﬁm—mmzmméwwuw@ Y(frog )™ (2)d: (20)

1" g(zo)
- (51 1)1)! /( ) (z—g@)" " (f: 09—1)(71) (2)dz,

fori=1,...,r.
And for x € [xg, b], then again by Theorem |4 we get

1 g(z) e 1\ (n)
fi(x) = fi(zo) = m /g(xo) (9(z) —2) ' (fi °g ) (2) dz, (30)

fori=1,...,r

We multiply by <H§_1 i (a:)) to get:
J#i

H fj (x) z H f] fz xO
z;:éz J#l
(mﬂﬁmyaf
J#i
(n—1)!

V€ [a,zo]; for i =1,.
Similarly, we get by .

g(zo) I NG
/U<wgm> (fiog )™ )z, (31)

Hfg Hf] fz xO

J#Z 3752

(1153 1) /( SR CET RO TECD

n—l

YV x € [xo,b] forz-l
Adding (31)) and ( as separate groups, we obtain

ZHfa Ji ZHfJ Ji(wo) =

=1 Jj=1 =1 j=1
J;ﬁv J#z
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9(zo)
,Z(Hfﬂ )/ (=g @)™ (g™ )" (s 39

i=1 | j=1 g(z)
JAi
Yz € [a,xo],
and
(m m) (m )fz .
i=1 | j=1 i=1
B j#i
1 r r g9(z) . C(n
(-1l (Hf @;)) /g<m> (9@)=2)"" (fiog™)™ )z (34
— Uz
Va € [zo,b].

Next, we integrate and with respect to x € [a, b]. We have

Z/a (Hfj ) de(/ (HfJ )dm)fi(fco) (35)
=1 vy i=1 =
(—1)" r g(zo) nel . 1 (n)
(DZ{/ (Hfﬂ )</<> =g (fieg™) @)dz)dm}

J#

T b T T b T
/ (H fi (x)) filz)de = ( / (H fi (w)) dx) filwo) = (36)
=170 | j=1 i=1 To | j=1

and

J#i J#i
1 5(z) n—1 1\ ()
mz {/M (JHlf] ) (/g(zo) (9(x) =2)"" (fiog™) (z)dz) dx].
J#i

Finally, adding and we obtain the useful identity
E(f1,.s fr) (x0) =

T b b T
; |:/a H fj ) | dx _ </a (]1—[1 fJ ((E)) dx) fl (mO)] : (n i 1)'
J#Z J#i

zo r g(zo0)
| /a (Hlfj (”3)) </9(:6) (z =g @)" " (fiog™)"™ (Z)dz> dx] )

J#i
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see also (2.

[/ﬁ: (jﬁlfj

J#i
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Therefore, we get that

Z

S

B

i

1
(n—1)!

[T @l

j=1
J#

i

e
/(i
T

1
(n—1! | <

)

i

Jj=1
J#i

1

(H fi (2)
oo

=1

Hence it holds

We have that

&) < =

n:

{2H<

fiog™)

1

1E (fr, - fr) (@)l =
b r
x)dx — fi (@) | dz | fi(x0) <
L (5 Uk

)

g(xo)
) (/ (2 — g (@)™
g(x)

9(@) 1 1\ (n)
[ a@ =2 (frog )™ () a:

(o)
g(mo)
)l /
9

-

J#

dx

H I1£; (=

Jsﬁ?

1y (1)

fl og 1)(n) (2) dZ) dl‘]
9(x) _— (n)
pla——

Y(fiog ™)™ (2) dz)

g(x)
() / (@) — 2" (frog™)™ (2)dz | da| |, (37)
g(xo)

(n—1)!

1

N — |

Q’L,[g(a),g(xo)]/ (HL 2) )g(x))"dx]
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n) .
e, LT e s || <
2lloo, [g(20),9(b)] HH i (@)l () (o))
J#
(41)
L)y H‘ —1y(m) . w
n! fiog H 9(w0) — g (a f
2| {11627l @) =90 / Hujng
J#z
-1\(») N
oL ww-seor | [ Tis .| e
G20 L iy @O =920 | | ﬂnguz
J#i
(42)
proving (28). 2

Next comes an L estimate.

Theorem 10. All as in Theorem[d Then

1B (fr, - fr) (o) Iy <

1
(n—1)!

r

2|

(fiog )™, | Iﬂm o)l | (o) g )"
J#L

Li([g(a),g(x0)])

i=1
5 _ n—1
Tyl thwmm/ Hw;nggw>gm» o
(43)
Proof. By , , we get that
1
I (frre £) @Ol <€) € o=

(fz o gfl)(")

T H’
=1

fi( (9 (x0) — g ()" " dx
2 Ll([g(a),g(mg)])/ H I1f5 (@)l 0) (z))

(”) n—1
fiog™? / fi ( (g(x)—g(x dx ;
H’ 21l 2.y (fg o). g (0)) H 175 @l )~ 9(=0))
44)
proving . (I

An L, estimate follows.
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Theorem 11. All as in Theorem@ and let p,g > 1: 1% + % =1. Then

||E(f1>'-'7fr) (:CO)Hl S

1
(n—1)!(p(n—1)+1)r
(w0) —

> [0 i X - ( | (H If; (@ ) )
L J#
b
+ H ‘(fl Ogil)(n)HzHLq([g(:co),g(b)]) (/mo (9 (@) - (H ”f] 2) )] .
J#
(45)
Proof. By (89), (0], we get that
I (s £ (@)l < 0 € Gy

{li; |:|:/ (H Hf] 2) (/::0) (Z—Q(x))p("_l)dz>p
J#
g(zo)
( [ o) a ) dx] "

{ / (H I G ) ( / ((; (6 (2) — 7D dz> ’ (46)

J#
([ Naewrecle) o] [}t

Z / HHf MEOE g(x))”‘”?“HH(f,o_l)(n) H N
: L (p(n—1)+1)7 09 2l 2, (fg(a).9 (o))

J;ﬁ

b €T % 1\(n
J{/ (Hf; 2> ((;(ng_(l(;))ﬂ)é (fiog)()2Lq([g<wo>7g<b>]>dx”}

1
(n=1!(p(n—1)+1)»

{; {)(fl Ogil)(n)HzHLq([g(a),g(xo)]) (/:O i) (H o 2) )
J#
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b
| / 2
2L glx z f d.’L’
q([ ( 0),9(17)]) 7;0( ( ) I | || J ||

J#Z

s

(47)
proving . ([l

We continue with mixed generalized Ostrowski type inequalities for several func-

tions that are Banach algebra B, (H) C B(H), v > 1, valued. A uniform estimate
follows.
Theorem 12. Let v > 1, n € N and f; € C"([a,b],By(H)), i = 1,...,r €
N—{1}; where [a,b] C R and B, (H) is a *-ideal, which (By (H), ””'v) is a Banach
algebra. Let g € C' ([a,b]), strictly increasing, such that g=' € C™ ([g(a),g (b)]).
We assume that (f, og’l)u) (g(x0))=0,7j=1,...,n—1;i=1,...,r; where xg €
[a, b] be fized. Denote again by

E (fl, ceey fr) (:EO) =

T

b
/ Hfj de— | [|]5@ || fi@|. @9
i—1 a a

j=1
Jsﬁl J#i
Then
1
1B (f1sooes fr) (@o)ll < 3
r 1 . Zo r
S| |[lea® o —g@) | [ |15 @I, |
i=1 0,[g(a),g(x0)] a j=1
J#i
(49)
1y "I 1
o GO —gGa)” | [ | TLIs @I, | de
Tloo,lg(20),9(b)] zo | j=1
L i
Proof. As similar to Theorem |§| is omitted, use of . O

An L, estimate follows:

Theorem 13. All as in Theorem[I2 Then

||E (fla (XX} fT) (xO)HfY S

(n—1)!

T

b HH(f og™)"

i=1

Y

[T @I, | (0 e0) = g @) da
Li(lg@.g@a) Ja | G
X
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HH(fi o)™ / TL15 @I, | @) - @) do
YL ([g(20),9(b)]) j=1
J#i
(50)
Proof. As simlar to Theorem [L0]is omitted. O
An L, estimate follows.
Theorem 14. All as in Theoreml and let p,qg > 1: % + % =1. Then
1
HE(fla"-afT‘) (IO)”—Y S 1
(=D p(n-1)+1)~
- 1y () v
> |l ea [ o0~ H 155 @, | da
i=1 Y Lg((g(a),9(x0)]) | Yo

L J#Z

[T15 @I, | da

Jj=1
J#

Q=

[

b
/ (9(2) — g (x0))"

YLy ([g(x0),9(B)])

(51)
Proof. As similar to Theorem [11]is omitted. O

When r = 2 we derive the following p-Schatten norm operator related Ostrowski
type inequalities.
Theorem 15. Let p,g > 1: = + = =1, and let the *-ideals B, (H), By (H), for

which (Bp( ), ||||p> , (B (H), || ) are Banach algebras; n € N, xg € [a,b] C R,
Ay € C™(la,b], By (H)), Ay € C"([a,b],B, (H)); g € C'([a,b]), strictly increas-

ing, such that g~ € C™ ([g (a), g (b)]), with (A; ogfl)(k) (9(x0))=0,k=1,...n—
1;7=1,2. Then

1)

)

—»QM—'

(Al,AQ) xo /A2 A1 /A1 A2 dlL‘—

(/abAg(z)da:> Ay (o) </ A, (2)d )AQ(IO)

[ 4@ ( / (()) (=g (@) (Ar0g7) " (2) dz) do| +
/ A (@ (/q(w)) (g(z) = 2)" (A0 )™ (2) dz> dz| +
/ A ( (/g(:) (2= g (@) (409 )™ (2) dz> de| +
/% A (2) ([;Z)) (9(@) - 2" (A 0g™)™ (2) dz) dm] }

(52)
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2) forv,0 >1: +%=1, we obtain

1
1
(n—1D!(y(n—1)+1)7

|® (A1, A2) (zo)]l, <

o 1
{ HH<A109‘1)“ / |42 (@), (9 (z0) — g ()" % da| +
Plls.[g(a).g(z0)] /a
b 1
HH (Arog™)" 142 @), (9 (2) = g (20))" " dx |+ (53)
P15, [g(x0),9(b)] Yo
U (42097 / 141 @)Il, (9 (w0) = g ()"~ * da| +
2118,[g(a),g(x0)] 7@

q

e

b
[ 14 @, o)~ g (a8 dx] } |
8,lg(0),9(b)] Y xo
39

[® (A1, A2) (o), < (n—1)!

{ HH(Alog—l)W [ 142 @)l (0 o) — g ()" | +
PlIL1([g(a),g9(z0)]) Ja
b
M\(Alog*)(")H [ 1@l 0@ g+ 6
PHL1([g(z0),9(b)]) Y20
U (42097 / |41 @)l (g (x0) = g ()" da | +
L1 ([g(a),g(x0)]) Y a

1

‘H(A2 09—1)(n)

q

b
[ 1@l 0 @) - g o dx] } ,
Li([g(z0),9(b)]) Y xo

and

4)
1@ (A1, A2) (o), < %

+
p

{lcareay

[E=ek

/ 142 @)1, (9 (z0) — g (2))" da
o0,[g(a),g9(xo)] Y a

+ (55)

b
[ 142@), (9 @)~ g a0))" o
00, [g(x0),9(b)] </ @0

p

H(Az og_l)(n)Hq +

/ "4y @) (g (w0) — g ()" da

00,[g(a),g(x0)]

s,

b
[A1 (@), (9 () — g (x0))" d:c] } :

00,[g(x0),9(b)] 7 Zo
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Proof. Writing (37) for r = 2 and for Ay, As, we derive

(Al,AQ .’£0 /A2 A1 /A1 A2 d.’E—

(/ A5 (2) dx) Ay (z0) — </ Ay () dac) A (29) =
As (x z—g(z)" ! Ajogt () z dz) dx
/ (/gm (@) (Arog™)™ () +
b g(zx)

/ Az () (/( | (g(z)—z)""" (A ogfl)(n) (2 )dz) dz
Zo Q(Zo)

/ A (@) ( / . (z—g(@)" " (A20g™) " (2 >dz> dx

b g(x)
/ A (x) (/( )(g(w)*Z)"fl(Azog DAE )d2>dr”,

proving .

Hence it holds

Fa |

(="

(56)

b b
1@ (Ay, As) (o), = / A (2) 4y (x) + / Ay (2) Ag (z) de—

b b
</ AQ (IE) dlL‘) A1 (1’0) — (/ A1 (IZ’) dx) A2 (1170)
o 9(wo)
{(1)” / As () < / L Eme@) (4 og )" (2) dz) d | +

/A2 (/g(w (g(x) = 2)" (A0 g~ )™ (z)dz> dz| +

1
(n—1)!

CLo)
/ Ay (z (/( (z—gx)" ! (A2 og_l)(n) (2) dz) de|+  (B7)
g(x)
/ Ay (v (/( : (g(x) —2)" " (A 09—1)(n) (2) dz) dx] } <
g9(zo 1
g(zo)
(n—1! { / A2l </g(x> (z =g @)" " (A4r0g7) " (2) dz) dw 1 ’
g(”) net NG
/A2 ( )gac)—z) (A1og )" (2)dz | da ||| +
g(ﬁo)
H / A (x (/( : (z—g(z)" " (Az0 9—1)(n) (2) dz) de || + (58)

g(x)
A1 (x) (/ (g9 () —2)""" (A0 g_l)(n) (2) dz) dm]
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1 Zo 9(@o) - NG
(n—1)! { V A () </g<m> Gg@)™ (o™ ) dz) 1 )
b g(x)
/ As () (/( : (9 (@) —2)"" (A4 09" (z)dz) de | +
To g(zo)
[/ A (z) (/( : (z—g(z)" " (Az0 9_1)(n) (2) dz) dz| + (59)

b
/fco

g(x)
A (2) ( / NCE 2" (43097 (2) dz>

)

(by using the p-Schatten norm and Holder’s type inequality for p,qg > 1 :
101

1y 1)

» Ty

dx

p

dx] +
p

dz| +  (60)

_|_

{ JrRe
[/ 4 @)1,
[

l/b 41 @)1,

g(zo) _— NS
/ (z—g()) (A1og ") (2)dz

—2)" ! (A1og )(n) (2) dz)

Q(IO)

/G(Io)
g(z

il

9 n—1 —1\(n)
[ @ = (o) ey

Az og 1)(n) (2) dz)

q

d;v}<
q

(nfl),{ [ 1w, ( [ e e ) dz) R
/ 142 ()]l /g(x)) g(x)_z)"*”(Alog*l)W (2) pdz) dz | +
U |41 @), (/g(g:(’)@g(z))”‘lH(AQog1)(")<z>qdz> de|+  (61)

[ a1, ( [ - aeea) qdz) da:] } |

So far we have proved that

[® (A1, A2) (zo)]; <

(n_ll),{[ [ 1w, ( / ()) (=g @) (Arog™)™ (2 pdz> @

i ([ )
[/a | Ay (= )” </gj:0) (z — g(g;))”*l H(A2 Og-1)(ﬂ) (2)

_|_

+

dz) dr| +
q

(62)
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/ A1 (z (/9:)) (g(z) —2)""! H(AQ o g_l)(n) (z)quz) da:] } =:(A).

Let now «,d > 1 such that % + % =1, and we apply the usual Hélder’s inequality
in . Then, we have that

1
(n—1)! (n—l)—&—l)%

{ [ 182 @), (0 ) - ()5 ( /( [(41097)™ () Zdz)édx]+

| b y(n—1)+1 g (n) s
142 (@), (9 () — g (x0)) 7 ( : A1og Y ()dez dz| +
0

|® (A1, A2) (zo)ll; < (A) <

9(1’0)

LbnAlm)p(g(x)— ( /(()) (A0 g™ (2) 6d>dm]}
<
{ oo,

B (nfl)!('y(nfl)Jrl)
)(z‘h ngl)(") ‘

2=

+ (64)

/ " Ay @), (9 (w0) — g ()" da

b

A2 (2)ll, (9 () — g (0))" " da

d,[9(a),g(z0)]

_|_

1

bS]

8,[9(z0),g(b)] /@0

/ " 1Ay @)1, (g (w0) — g (2))"F da

4:[g(a),g(w0)] V@

b 1
/ 14s @] (9 () — g (o))" dx] } ,
8,[g(z0),9(b)] Yo

_|_

U ‘ (4s O971)(71)
[lcaseomy

proving .

We also obtain

{

T

Q

Q

[ (A1, A2) (zo)l; < (V) <

lares™ [ 142 @l o (o0) — g ()" | +
00,[g(a),g(z0)]

(65)

p

/ 142 @)1, (9 (2) — g (o))" | +
L1 ([g(x0),9(b)]

HH(A2 Og—l)(n)

[ 1@, o @0 — g 0" do +
Li([g(a),g(z0)]) 7@

q
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b
Jlcazoay® 14 @l o ()~ g o) da:] } ,
Li([g(z0),g9(b)]) Y @0

proving .

At last we derive

q

1
I (41, 42) ()l < ) < -
{ HH(Alogl)(")H [ 12 @)l o (o) ~ 9 @) da | +
Plloo,g(a),9(z0)] Y a
b
U“ (Arog™)" 42 (@), (9 (@) — g (o))" da |+ (66)
Plloo,[g(w0).9(b)] Y=o
U (420971 [ 14 @, (9 o) — g (@) d| +
Iloo,[g(a),g(x0)] Y a

1

Jazea™|
q

proving .

The theorem is proved. ]

b
141 (@)]],, (9 () — g (20))" dm] } ;

00,[g(z0),9(b)] Y @0

Next we present a left generalized Opial type inequality involving 1-2-Schatten
norms.
Theorem 16. Let p,qg > 1: % + % =1, andneN, feC"(a,b],Bs(H)); where
[a,b] C R and By (H) is the *-ideal. Let g € C1 ([a,b]), strictly increasing, such that

gt e C™([g(a),g(b)]). We assume that (f o gfl)(j) (9(20))=0,7=0,1,....,n—1;
where xo € [a,b] be fized. Then

/g(fﬂ)
g(zo)

(g (x) = g (wo)" 75 </g<m>
25 (n— D! (p(n—1) +1) (p(n— 1) +2)]7 \Joto)

IN

[((Fog™) @) (Fog ™)™ )] as

for all zg < x <b.

Proof. Let zg € [a,b] such that (f ogfl)(j) (g(x9))=0,j=0,1,...,n—1.
For z € [zg,b] by Theorem {| we have
1

(feg™)(9(2) = =1

g(x) o ()
/()<g<x>z> (Fog )™ (2)dz.  (68)

By Holder’s inequality we obtain

I(Fos ) @l < gy | (()) (@ -2 [(Fog™) ™ () ds <
(69

1 /g(x) (n1) P g(x)
@ -2y ar) ([
(n - 1)' < g(zo) g(xo)
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p(n—1)+1

1 (g(x)—g(w0)) 7 e
=D (pm-1)+1)7 </g(xo) (fos

Call
e [ e o)
@(%%1330)) =0.
us
LoD res )™ w20
and

() = oo™ w], =0
Vg (x) €lg(z0),9 (D).

Consequently, we get

I(Fog™) (g @D, |[(Fog™)™ (g w))]

p(n—1)41 1
(9 (w) —g(x0)) 7 w de (g (w))\°
(n—D(pn—1)+1)r (w(g( ) > ’

Y g(w) € [g(x0),g(b)].

Then we observe that

g(z)
/g(m | (fog ™) (gw) (fog™)™ (g H dg (w

g(x)
/g 1(Fog™) (g @], ||(Fog™)™ (g )|, dg (w) <

(zo)

(n=D!pn—1)+1)7 (p(n—1)+2)7

p(n—1)+2 9(z)
(9.(x) — g (20)) "7 (/( el dgo(g(w))) -

(9(z) — g ()" 77 (wg(m)))i_
(n=1)(pn—1)+1)7 (p(n—1)+2)7 \ 2

)(n) (z)HZdz) ’ .

(70)

(74)



v-SCHATTEN NORM GENERALIZED OSTROWSKI, OPIAL AND HILBERT-PACHPATTE 51

ntp—g g(x) a
x) — €T P q _ n 4q
i (9 (x) = g (0)) 1(/‘ (Fos)™ ) m) |
25—V —1) + 1) (p(n—1) +2))7 \Jateo) 2
(76)
for all g (z0) < g (z) < g (b), proving (67). O
The corresponding By (H) right generalized Opial type inequality follows:
Theorem 17. All as in Theorem[I8 Then
a(eo) ! NG
/ (Fos™) () (Fos™)™ ()] dz <
g(x) !
(g(20) g ()" 37+ oo EPNTRY
; ([ uea @)
20 (n—=D!((p(n—1)+1) (p(n—1)+2))>» \Jg(=) 2
(77)
foralla <z < xg.
Proof. As similar to Theorem [16]is omitted. O

A B, (H), v > 1, left Opial inequality follows:

Theorem 18. Letv> 1, p,g > 1: % + % =1, andneN, feC"([a,b],B,(H));
where [a,b] C R and B, (H) is the x-ideal. Let g € C* ([a,b]), strictly increasing,

such that g=* € C™([g(a), g (b)]). We assume that (f ogfl)(j) (g(x0)) =0, j =
0,1,....,n — 1; where zq € [a,b] be fized. Then

/g(x)
g(zo)
(9 (z) — g (o))" 7~

(/9(1‘)
25 (n— D (p(n-1)+1) (p(n—1)+2)]7 oo

(Fog™) @) (Fog™)™ )| d= <

2
q
)

Q=

(Foa™) " )] dz)

(78)
for all zg < x <b.

Proof. As similar to Theorem [16|is omitted. Use of . (]
A B, (H), v > 1, right Opial inequality follows:
Theorem 19. All as in Theorem[I8 Then

g(zo)
fog ) (2)(fog™ (2)|| dz <
/M (Tes™) @ (os ™™ @)

(g (z0) — g ()" 7 5 1 (
20 (n— D! ((p(n—1)+1) (p(n—1)+2))7

foralla <z < xg.

2
q

](fog-l)(”%z)Hidz) ,
(79)

Proof. As similar to Theorem [16] is omitted. O

Next we present a By (H) left generalized Hilbert-Pachpatte inequality for ordi-
nary derivatives.
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Theorem 20. Leti=1,2;p,q > 1: %—F% =1,andn; €N, f; € C™ (Ja;, b;], B2 (H));
where [a;,b;] C R and B (H) is the x-ideal. Let g; € C* ([a;, bs]), strictly increasing,
such that g;l € C"™ ([g; (a;) , g: (b;)]). We assume that (fz ) 9;1)(%) (gi (z0s)) = 0,
Ji =0,1,...,n; — 1; where xo; € [a;,b;] be fized. Then

/gl(bl) /92(1’2) H(fl ° 91_1) (21) (fo 092_1) (32)”1 dz1dz
g g

2on) ((F1m91(@01)PITDFL (2= ga(wog)) "2 TDFL) =
2(oon) (mRGANIE DY CapCoalies )

(91 (b1) — g1 (wo1)) (92 (b2) — g2 (wo2))
(n1 — D! (ng —1)!

1(1‘01)

(80)

flonesi -

Proof. Let i = 1,2; 9 € [a;,b;], such that (fiogi*l)(ji)(gi (x0:)) = 0, j; =
0,1,...,m; — 1.
For z; € [zoi,b;] by Theorem [4] we have

gi(x3) )
(Fos) @) = gy | (@) =207 (oo™ ()

) faogy!

Lq([91(z01),91 (b1)],B2 (H)) H‘ 2112, (92 (202),g2 (b2)],B2(H))

i(zoi)
(81)
As in (69) we have
L (g (@) — g1 (@)
_ g1 (1) — g1 (x »
||(flogll)(g1 Hz— i — —— T
(ny = 1)! (p(n1—1)+1)7
gl(Il) n q q
[ ea™ @)Lz
g1(xo1) 2
p(nq—1)+1
1 (g1(z1) —g1(zo1)) 7 HH o9 (m1) ‘ ©
— 1) 1 91 ’ )
(nq )! (p(ny—1)+1)7 211Lq([g1(z01),91(b1)])
for all xr1 € [I()l, bl] .
Similarly, we obtain that
L (g (@) —go(woe)) 7
— 92 (T2) — g2 (T 4
H(f2°g21)(92 ||2—( —1)! 2 s T
n2 (q(n2 —1)+1)9
fleessy™ | -
211 Ly ([g2(z02),92(b2)])

for all 2o € [zg2,b2] .

By and we get

10 o7 (on (e0) (f20.65) (92 @), S
(A1 0917) (a1 ], [1(F2 0 927 (g2 (22Dl < 7= 1)!1(712 ~1)!
(91 (1) — 1 <x01>>*”“f¥”“ (g2 (22) — 92 <x>>*) -
(p(n1—1)+1)» (q(n2—1)+1)6

flnesr™

2o ”

Lq([g1(z01),91(b1)] 211L, ([92(z02),92(b2)])
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(using Young’s inequality for a,b > 0, arbs < % + g)
1 (91 (21) = 91 (201)"™ 7V (95 (22) — 95 (o))" 70T
(n1 =1 (ng — 1) p(p(n—1)+1) q(q(n2 —1)+1)
(85)
o5 L, g o5 |
211 L4 ([91(x01),91(b1)] 20 Ly ([92(x02),92(b2)])
V (z1,22) € [zo1, b1] X [T02,b2] .
So far we have
[(Fro0) (91 () (2 0.5") (92 (2], 6
((91(7«‘1)—91(7401))"("171)+1 + (92(932)—92(7«'02))‘1("27”“) -
p(p(n1—1)+1) q(q(n2—1)+1)
e ™
o
(n1 — D! (nz —1)! frog 21124 ([91(201),91 (b1)], B2 (H))
—1 (n2) ‘
o 9
HH f09, 211 L, (102 (w02) 05 (52)], B2 ()

V (z1,22) € [xo1,b1] X [T02, b2] .
The denominator in can be zero, only when both g; (x1) = ¢1 (z01) and
g2 (72) = g2 (wo2) -
Therefore we obtain (80), by integrating over [g1 (wo1) , g1 (b1)]%X[g2 (z02) , g2 (b2)] -
O

It follows the By (H) right generalized Hilbert-Pachpate inequality for ordinary
derivatives.

Theorem 21. All as in Theorem[20 Then
/91(;”"1) /g"'(x‘”) [(fro9:!) (1) (fae g5 ") (22)|], dzrdzo
g g

“ “ (g1(z01)— )p(n1—1)+1 (gz($02),zz)q(n2—l)+l) —
t(e1)  galaz) P DT T gl 1)
(91 (3701) — g1 (a1)) (g2 (To2) — g2 (a2)) (87)
(n1 — 1)' (TLQ — 1)'
oo oo™ |
2L 4 ([91(a1),91(x01)],B2(H)) 2L, ([g2(a2),92(x02)],B2(H))
Proof. As similar to Theorem [20]is omitted. O

Next we present a B, (H), v > 1, left generalized Hilbert-Pachpatte inequality
for ordinary derivatives.
Theorem 22. Let v > 1, ¢ = 1,2; p,q > 1 : %—i—% =1, and n; € N, f; €
C"i (la;,b;), B, (H)); where [a;, b;] C R and By (H) is the x-ideal. Let g; € C* ([a;,b;]),
strictly increasing, such that g; ' € C™ ([g; (a;) , gi (b;)]). We assume that (fi o 9;1)(11:) (gi (z05)) =
0, j; =0,1,...,m; — 1; where xo; € [a;,b;] be fized. Then

/91(b1) /gz(bz) H 1097 ) (21) (f2 og2_1) (ZQ)H’Y dz1dzo
g

(1= 91 ZDl))p(nl D + (22*92(:7002))(1(”2_1)+1) -

2 (IOZ)

(wo1) FICTESESY) 4(a(na-D71)

(91 (b1) — g1 (z01)) (92 (b2) — g2 (z02))
(’I’Ll — 1)' (TLQ — 1)'
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(2o 77)™

flis o

L4([91(201),91(b1)],B~(H)) H’ TN Ly ([92(z02),92(b2)],8 (H))

Proof. As similar to Theorem [20|is omitted. Use of . (]

It follows the B, (H), v > 1, right generalized Hilbert-Pachpate inequality for
ordinary derivatives.

v

Theorem 23. All as in Theorem[22 Then
/91(101)/92(102) |(fiogr") (21) (foogst) (ZQ)HWdzldzz
9 9

. p(ny—1)+1 Too)—zo)4(n2—1)+1 -
g1(a1) 2(az) (91 po(;)(nl )1)+1) + (gz(qrzz)(n;_)l)_‘rl) )
(91 (3301) — g1 (a1)) (g2 (To2) — g2 (a2)) (89)
(n1 — 1)' (’I’LQ — ].)'
[l ey (503" |
TN Lq([91(a1),91(201)],B~ (H)) TN Ly ([g2(a2),92(202)],8~ (H))
Proof. As similar to Theorem [20]is omitted. O

6. APPLICATIONS
We start with By (H) Ostrowski type inequalities.

Corollary 24. (to Theorem.) All as in Theorem[15, with g (t) =t. Then
1) forv,6 > 1: +6—1 we have

1
|® (A1, A2) (o)} < 1
(n—D!'(y(n—1)+1)~
xo 1
{UHAY” [ M@l (o — o + (90)
p 4,la,zo] Y a
b 1
[ AP e @ e o) | +
Plls [wo, xo
U A" [ 1A @l o =) H o] +
a116,[a,z0] Ya
b 1
l ‘ ‘Agn) ’ / ”Al (m)Hp (x - xo)n—g dz] } )
q 6,[w07b] Zo
2
1
[© (A1, A2) (wo)]]; < (=1
{U 4 | Mz @), (w0 - )" o +
PIL:i([a,x0]) Y@
(n) ’ -1
U 4§ |42 @), (@ = 20)" " do | + (91)
P L1 ([x0,0]) /@0
U' g [ 1A @I, o -2 | +
Li([a,z0]) Y@
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b
1AL (@)1, (& — o)™ dw] } ,

L1([z0,b]) Yo

4]

q

and
3)
1
||CI) (A17A2) (xo)Hl = ﬁ

[ 1@l o - o e +

p

{

—

[

00,[a,z0]

b
[ 14 @, o= o) s | + (92)
,[zo,b] xo

—

I

Plleo

+

[ 1@l (o = )" e

&3
00,[a,zo]

M 000, / b 14, @), (= - xo)”dm] } |

We continue with B, (H), v > 1, Ostrowski type inequalities.
Corollary 25. (to Theorems[14 -[1) All as in Theorem[18, with g (t) = €'. Then

1
I8 (fur o ) o)l < o {Z HHH(L- o 1og) "
i=1

q

q

~

00, [e %]

oy | [ T, | ae | |+
a j=1

J#i

b r
(et —em)" / [T @1, e[| o 09

J#i

[lseeto |

00,[e®0,eb]

2)

T

=gt {3 el

/ 0 H HfJ (x)H"y (0 _ez)n—l de| +
a j:l

J#i

||E (fl, (XX} fr) (:L'O)|

L1 ([e*,e®0])

s o100 / _lf[llfj(m)v et [V o

Y Zo

L1 ([e®0,e?])
J#i

and
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3)ifp,q>1:%+%=1, we have

1B (frveon £) (0)], < !

(n—D!(pn-1)+1)

3=

510
7

ro sin—1 -
[ ey TTIs @I, | | +
Ly([evev0]) | Ja G

J#i

Y

109

b r
_1
[ ey L@, | do || o
Lq([e"0,eb]) o =1
J#i
We continue with a Bs (H) Opial type inequality.
Corollary 26. (to Theorem[16) All as in Theorem[16| with g (t) =t. Then

[ s e <

(x — xo)nJr%*%

25 (n—1)!(p(n—1)+1) (p(n - >+2>1i<

for allzg < x <b.

z)HZ dz) ' . (96)

Next comes a B (H), v > 1, Opial type inequality.
Corollary 27. (to Theorem[18) All as in Theorem with g (t) = e'. Then

e®0

)"

1
P

( 0 1og) (2)) (f o log) ™ (2)]|_dz

Qo

x

Q=

(81 — %o

25 (n— 1) [(p(n—1)+1) (p(n—1) +2)]7 </

for all zg < x <b.

(fo log)(") (Z)Hi dz) , (97)

A B, (H) Hilbert-Pachpatte type inequality follows.
Corollary 28. (to Theorem|[20) All as in Theorem[2( for g1 (t) = g2 (t) = t. Then
/’“ /”2 If1 (1) £2 (22)lly dz1d2

(z1—z1)P(m1—D+1 (22 —202)7("2~ 1)+1> -

p(p(n1—1)+1) q(q(nz—1)+1)
(b1 — zo1) (b2 — wo2) HH f(m) ’ ‘ . (98)
(ng — D! (ng —1)! Ly ([zo2,b2],B2(H))

We finish with a B, (H), v > 1, Hilbert-Pachpatte type inequality.

Corollary 29. (to Theorem [23) All as in Theorem [29 for g1 (t) = g2 (t) = logt,
and [a;,b;] C Ry — {0}, i =1,2. Then
gl plogbz—|(fyoe') (21) (fa 0 €') (22) |, dzadze

(zl—log:cm)p("l 1)+1 (za—log wgo)2("2~ D+ —
p(p(n1—1)+1) q(g(n2—1)+1)

("2

Ly([zo1,b1],B2(H)) H H

log zp1 Jlog zp2
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