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BOUNDARY COMPONENTS OF FRICKE GROUP

MEHMET AKBAS, TUNCAY KOROGLU, AND ZEYNEP SANLI*

ABSTRACT. In this study, we deal with an invariant in the signature of a non-
Fuclidean crystallographic group, a NEC group, for short. We examine the
number of boundary components in the signature of Fricke group.

1. INTRODUCTION

The concept of the modular group theory has an important role in many areas
of mathematics, such as number theory, graph theory, automorphic function theory
and combinatorics. Because of this importance, it impresses many matematicians
and they take this topic from different angles, such as searching the graph condi-
tions, calculating the normalizer and determinig the boundary components etc., see
the references [4, [6] [7, 12]. Moreover, due to their importance in elliptic curves,
integral quadratic forms and elliptic modular functions, congruence subgroups of
I’ modular group I'(N), T'o(N), T'1(N) etc. groups are mostly studied, see the
references [T, 2], ©].

Let H := {z € C: Im(z) > 0} denote the upper half plane. With the Poincare
metric ds = |dz|/y, it becomes a model of the hyperbolic plane. A non-Euclidean
crystallographic(NEC) group is a discrete subgroup A of the group G of isometries
of H for which H/A is compact. If A contains only orientation preserving isometries
then it is called a Fuchsian group. An NEC group is determined by its signature

(g7 i? [m17 .o 7m7"}; {(n117 ... 7n181)7 ceey (nk17 ... 7nksk)})'

If A has this signature then H/A is an orbifold whose underlying space is a surface
of genus g with k& boundary components (holes) and it is orientable if the sign +
and non-orientable otherwise. There are r cone points of angle 27 /my, ..., 27 /m,
in the interior of H/A and s; corner points of angle 7/n;1, ..., 7/n;s, around the ith
hole. If the modular group I' has this signature, then the area of its fundamental
region is

r ks
p(A) = 27r[ag+k_2+2(1 —1/m;) + %ZZ(l - 1/%)],

i=1 i=1 j=1
where a = 2 if the sign is + and a = 1 otherwise.
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2. PRELIMINARIES

We start by recalling definitions and some preliminary results of these concepts.
Let PSL(2,R) denote the group of all linear fractional transformations

T:z— azii—b ,where a, b, c and d are real and ad — bc = 1.
cz

In terms of matrix representation, the elements of PSL(2,R) correspond to the
matrices
i( Ccl Z ); a,b,c,d € R and ad — bc = 1.
This is the automorphism group of the upper half plane H.
The modular group I'=PSL(2, Z), is the subgroup of PSL(2,R) such that a, b, c and d
are integers. It acts on H:=HU QU {oc}. The principal congruence subgroup of

level N is
F(N)—{(i Z)—i(é (1)>modN}.

and any subgroup of ' containing I'(N) such as

I‘o(N):{<'Z Z>5i<; :>modN}, I‘l(N):{(Z
FO(N):{<'Z Z)zi(: g)modN}, Fl(N):{<‘Z

is called a congruence subgroup of level N.

The standard classification of the elements of PSL(2,R), motivated by their
geometric properties when acting on H, depends on the trace of the corresponding
matrices. Let G be a subgroup of PSL(2,R). Any point in the boundary of H
fixed by a parabolic element of G is called a parabolic point or cusp of G. The set
of the parabolic points of G is called the cusp set of G. Two points x1, x5 in the
cusp set of G are called G-inequivalent if there is no g € G such that gxy = x5. The
number of G-inequivalent cusps of G, that is the number of orbits in the action G
on its cusp set, is called the parabolic class number of G.

In this study, we examine an invariant, the number of boundary components, in
the signature of a NEC group. Mainly, we will discuss the following NEC group,

which is called Fricke group. The group I'r(N) =< Ty(N), ( ](37 (1) ) > where
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N =n? and n is any positive integer.

There are two different ways to calculate the boundary components: Firstly
by using the Hoare-Uzzel theorem and secondly by using the technique in H. Jaf-
fee [6]. H. Jaffee found the boundary components by using the fixed points. In
[11], Harding investigated the boundary components of the another NEC group
[(N) =< I‘(N),( (1) _01 ) by using Hoare-Uzzel theorem. In [8], Akbas ob-
1 0

tained some results for the group ['o(N) =< Io(N), < 0 —1

) > by using either

method.

In the Jaffee’s tecnique, let X denote Shimura’s canonical model (to be defined
in 5) of the compact Riemann surface I'(N) \ H*, where I'(N) C SL3(Z) is the
principal congruence subgroup of level N. They assume that N > 2. The symbol
X means a certain nonsingular projective algebraic curve, defined over Q, plus a
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certain mapping ¢n : H* — Xy (C) which defines an isomorphism T'(N) \ H* ~
Xn(C)"™. A cusp of Xy is the image under ¢y of a point H* — H = Q U {o0}.
The cusps are finite in number and contained in Xy (K ), where Ky = Q(e?™/™).
In the R— topology, the space X (R) is a finite disjoint union of circles.

To obtain the main result, we will use the real cusps as in Jaffee’s technique.

3. MAIN CALCULATIONS

In this section, we look at the group I'p(IN) obtained by adjoining the ”Fricke
reflection”. F': z — 1/NZz to I'g(N). Thus

e(¥) =< Do), >= L) Jra) (3 )-

And we will investigate the number of boundary components of H* /T (), where
N =n2. So, throughout this section N will be a squre, N = n?, say. Now, we will
give a definition and some lemmas necessary for our main results.

Definition 3.1. Let { Z } be a cusp of Xo(N). It is called a real cusp if there

exist on elementY of T'p(N) such that
a a
v[i]=[3]

“ ] denotes the orbit of § € Q under To(N).

where [ b

Now, we let us investigate under what conditions a cusp point turns to a real
cusp point by the reflections of 'z (V). For this, it is sufficient to find the necessary
and sufficient conditions for which a cusp point is fixed by the reflection F(z) = 7.
Because every reflection Y of T'p(N) can be written as a product F'E where FE is
an element of T'o(V).

Lemma 3.2. [3,[5]
i
Cf0, if 4N
€= [T, n(1+(=1/p)), otherwise
ii.
[0, if 9|N
= [I,v(1+(=3/p)), otherwise
iii. n(N) =g n¢((d, N/d)), where @ is Euler’s function.
Here, we understand that ¢(1),(5) is the quadratic residue symbol (in the
extended sense), so that

(0 if p=2
(—)=1<¢ 1, if p=1mod4
p -1, if p=3mod4
_3 0, if p=3
(—)=1¢ 1, if p=1mod3

p -1, if p=2mod3
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We shall now show that for any To(N)— orbit in Q we can choose ¢ with d|N
as a representative of that orbit.

Lemma 3.3. Given an arbitrary rational number k/s with (k,s) = 1, then there
exists an element A € To(N) such that A(k/s) = (k1/s1) with s1|N.

Proof. From
a b k\ ak + bs
cN d s )\ Nck+ds )’
we find some pairs {c¢,d} for which the equation
Nck +ds = (N,s) (3.1)
holds, for (N, s)|N, so s1 = (N, s) works. Since (%, (NSS)) = 1 there exists a
pair {cg,dp} so that the equation (3.1]) is satisfied. Therefore the general solution

of (B.1)) is:

¢= o+ yan

d=dy— %n, where n € Z. (3.2)

Let N = ¢5°¢i" ...qgoko be the prime power decomposition of N. We must show
that there exists a pair {c.,d.} obeying (3.2)) such that

(Ney,dy) = 1.

If (do, N) = 1, there is nothing to prove. If (dy,N) > 1, then dy does have a
common factor with N, gy say. Because of the equation , (g0, NEk/(N,s)) =1
therefore taking n =1 in , we get an integer dy such that gy fdi.

If (d1,N) > 1, then d; has a common factor with N, ¢; say. Let do = dy — ‘(I})VNsli
then d> does not have qg and ¢, as factors.

If (da, N) > 1, do has a common factor with N, g2 say. Eventually we arrive at

ds = dy — Q?Jq\} Js\gk ,and so ds has no qo, ¢q1, g2 as factors

Gk —1 Nk
dio+1 = diy — %,and S0 dj,+1 has no qo .. .qxk, as factors.

Hence (dgy+1,N) = 1. Let d. = dj,4+1 and the corresponding ¢, ¢, say, and so
(Ncy,d,) = 1. This implies that there exists an element (in fact, infinitely many)

A €Ty(N) such thatA( l: ) = ( ];1 ) with s1| V. O
1

Lemma 3.4. Let di|N and for some A € To(N). A( Zl ) = A< 32 > with
1 1

N
(a1,d1) = (ag,dy). Then ay = as mod t, where t = <d1, d>'
1

_ a b ay _ aai + bd; _ a9
Proof. Let A = <CN d)’ then A( dy ) = (Naw—&—ddl ) = <d1 )
Therefore, aay + bdy = asz, and so aa; — as = 0 mod d;
N
Najc+ddy =dy or d—alc—i—d: 1,
1
aayr —as =0 mod d; and aay; —as =0 mod t.
From detA, we have ad = 1 mod t, and from the above d = 1 mod t therefore
a =1 mod t. since aa; — as = 0 mod t. O

25
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Lemma 3.5. Let b|N and let (a1,b) = (az,b) = 1. Then < abl > and ( (;)2 )

are conjugate under the action of T'o(N) if and only if a1 = aa mod t, where

)

Proof. If we use Lemma [3.2] and Lemma the proof of the lemma follows easily.
(]

Using Lemma [3.3] and Lemma we can see that

0 1 x o X . . )
<N O)(y)(y) if and only if N = y*.

Consequently,( ](37 (1) ) fixes only the cusps of the form < Z ), where N = n?.

Theorem 3.6. Let y|N and [ ;j ] be a cusp of Xo(IN). F[ Zj ] = { Z } if and
only if N = y>.

Proof. If F [ z } = { z }, there exists an element T'(z) = c‘]’\f;ffd of To(N) such

that F' z =T i . Hence, we have that Nlﬁ = C’}f;ﬁ’gy in reduced form. This
Yy

gives that cNz + dy = )\N% and ax + by = A for A = £1. From the first equation,
we obtain that y|% Taking into account that second equation and that x and y
are coprime to each other, we get y?|N.

[0}

Conversely, we suppose that N = 2. Taking 3 € F [ 5 }, there exists an

element ¥ of [ ;j ] such that § = F(3). It means that () = 3 where T' € To(y?).

Hence, we have that y(acxy:iyd) = % where T'(z) = C‘ylj;'i’d. Saying m = ax + by and
n = cyxr + d, we get ﬁ = ylm Since (m,y) = 1, there exists an integer k such
that yim = W = % As a consequence, there exists an element s of Ig(y?) such

that s(;—:n) = % Writing % = g, we get that k = A(a1n+ biym) and y =
Aery®n+diym) for A = £1. From the first equation, we have y\ k — Aa; (cyz + d).
It means that & = Aa1d mod y. since A(c;yn+di;m) = 1, we obtain y\ 1 — Adyx. As
Adiar = 1 mod y, we have x = Aa1d mod y using the congruences a;d; = mod y

and ad = mod y. Hence, it is clear that £ ~ 2. Then, we have £ ~ £ which

no oz o €T T T
means that om =y Hence, 5 € {y } As a consequence F[ Y ] C {y }

Since F = F~! andF{ Z } C [ ; ],then [ Z:j ] CF[ Z:j ] Hence, the proof is
completed.
O

The following two corollaries are obtained as a consequence of above theorem:

Theorem 3.7. Let x1 and xo be an integer and let (z1,y) = (z2,y) = 1, then

[«Lyl}:[%] < x1 =3 mod y.
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Theorem 3.8. Let N = n2. Then

i) If n is odd, then the signature of Tp(N) has A boundary componenets with
k cusps, boundary components with 2k cusps and the number of boundary
components is A/2 + p(n)/2k.

ii) If n is even, then the signature has A boundary componenets with one
cusp and boundary components with two cusps. The number of boundary
components is A2+ ¢(n)/2. Here A is the number of solutions of x? = —1
and k is the order of 4 in G = (Z/nZ)*.

Before we start proving the above theorem we give a lemma concerning our ideas.

Lemma 3.9. [10] If (a,n) = 1 and the congruence x*> = a mod n is solvable, it

has exactly 2°T7 solutions, where o is the number of distinct odd prime divisors of
n and 7 is 0, 1 and 2 according as 4 jn, 2%||n or 8|n.

From this lemma we know the exact value of A in Theorem [3.8]
Proof of Theorem 3.4

. . . aN b .
Any reflection T in I'p(N) is of the form ( N —aN of determinant —N
and fixed points (real cusps) of the reflection are (—1 + an)/cn and (1 4+ an)/cn.
Since any reflection in T'r(N) fixes real cusps, every boundary conponent has at

least one oo.

i) Let n be odd. Then det T' = a?n?+bc = 1. So be = (1 —an)(1+an). Firstly
suppose ¢ is odd. Write ¢ = ¢y such that ¢1|(—1 + an) and cz|(1 + an)
1+an

—14an

Since (com,n?) =

. -~ o

with (c,¢1) = 1. Therefore we get — -
—1l4an l14+an

(cin,n?) = n, —2— = Zand -2 = ¥ where = ¢, = mod n and

con n n’
Y= lt;m mod n by Lemma So we get xy = —1 mod n. Hence

( ’ ) and ( _3;_1 > (3.3)

are on the same circle (boundary component). Secondly suppose that ¢

is even. Then write ¢ = 2¢j¢2, ¢ being odd, such that (¢1,c2) = 1 and
—1l+an 14an
c1|(=1 4 an), 2c|[(1 4 an). So we get —— = £ 222

omn n’ cin
1+an l+an

1+an

b
L where x =
n

co—=" mod n and y = ¢ =22 mod n. Therefore 4xy = —1 mod n. Hence

( ’ ) and < *(4;”)7 ) (3.4)

are on the same circle (boundary component). Consequently, combining

and we get
<_Z_1 > (2) <_(4§)_1 > (47?’) <—(1i:c)—1 ) < 1293)
() 55

where k is the order of 4 in G = (Z/nZ)*. The length of (3.5) is 2k except
for the following two cases.

27
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In the first case. If 22 = —1 mod n (or 22 = —1in G) then —(4™x)~1/n =
4m2 g /n by Lernma where my, m2 < k and m1 + mo = 0 mod k. So in
this case has length k.

In the second case. If 422 = —1 in G, then —(4™1x)/n = 4k=™+1z/n and
the length of in this case is k as well.

Hence we now show that there are really A boundary components with k
cusps.To do this, we now deal with the above two cases:

Since n is odd A = 2" by Lemma [3.9] where r is the number of distinct
primes of n.

Let z; be odd solutions of the congruence z* = —1 mod n, where i =
1,2,...,2" 71 Let y; = —x; in G and therefore the y; are the even solutions
of 2 = —1 mod n. We now list all solutions of the congruence x? =
—1 mod n in the first two columns of the following table.

2

TABLE 1.
odd even

1
1 'A% Y1 Z1

1
Z2 Y2 Ys 22
T Y y! z
Tor—1 Yor—1 Ygr—1 Zor—1

where y! = y;/2 and 2; = —y}/2in G, i =1,...,2""1. From the last two
columns of Tablel we conclude that

4(yh)? = 4(%)? = —1 mod n.

Then we show that every component (circle) contains only two cusps whose
numerators are in the above Tablel. Suppose now k is even. Assume that
there is at least one component which contains three different real cusps

1
with numerators z1, y1, y1, say. Therefore ( 3;1 ) , ( 221 ) and ( :?nl )

are on the same circle (so three co on the same boundary component).
Using (3.5) we get 4™x1 = y; mod n, then —4™ = x1y; mod n, since

2 = —1 mod n. 4™x1y; = —1 mod n since y? = —1 mod n. Hence 4°™ =
1 mod n and therefore k = 2m. And 4%z, = y} mod n, where s < k and
22 = 4y? = —1mod n. So 41z = 4yl mod n then 4°T1x1yl = —1 mod n

and —4° = z1y{ mod n. Hence 4271 = 1 mod n implies that k = 2s + 1
which is a contradiction to k being even.

The other possibilities being three cusps with numerators in Tablel on the
same circle can be treated similarly. Therefore every circle contains exactly
two real cusps whose numerators are in Tablel. In Tablel there are 2.2"
points, so there are A = 2" circles with k real cusps. Consequently 2"
boundary components with k oo’s each. Now, assume that k is odd. Then,
with a similar argument as above, we conclude that every circle has exactly
two real cusps with numerators in Tablel. In this case if 22 = —1 in G

T 4(k=1)/2,
then ( n ) and ( n ) which are different are on the same circle.
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Consequently by [3.5 we conclude that the number of boundary components
is A/2 + ¢(n)/2k, where k is as above, as required.
Suppose now n is even. Then the fixed cusps of the reflection

an? b
= ( en?  —an? )
of determinant —n? are (—1 + an)/cn and (1 + an)/cn. Here c is always
odd. detT = a’*n? +bc = 1, so bc = (1 — an)(1 + an). Write ¢ = cico

so that ¢1|(1 — an) and c2|(1 + an) with (c1,c2)=1. As we have done in
i) if z/n = (=1 + an)/en and y/n = (1 4+ an)/en by Lemma we get

zy = —1 mod n. So
T —r 1
and (3.6)
n n

are the only real cusps on a circle. But if 22 = —1 mod n then x/n =
—z~1/n. Therefore by we have A boundary components with one
oo and boundary components with 2 oo’s. Consequently the number of
boundary components is just A/2 4 ¢(n)/2, as promised.

Examples

1.

Let N = 172. By Theorem [3.8| the number of real cusps is p(n) = ¢(17) =
16 and since 0 =1, 7 =0, A = 2°7" = 2. The smallest integer k satisfying
the congruence 4 = 1 mod 17 is 4. So the solutions of the congruence
22 = —1 mod 17 are in the first two columns of the following table in

accordance with the Tablel.

TABLE 2.
X Yi u; = yi/2 v = —ug
$1=4 y1=13 ’LL1=15 ’U1=2
$2:13 Yo = UQ:2 U2:15

29
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() — () —

(1) — () — ()

For the signature o(I'r(17%)); each of the A = 2 boundary components

e . n A _ 16 _ 2 _
have k = 4 infinite link periods and the other “DQT -5 =5 —-5=1

boundary components have 2k = 8 infinite link periods.

2. Let N = 342, Then n = 34 = 2.17 and ¢(34) = 16. The number A of
solutions of the congruence 2 = —1 mod 34 is 2. The solutions are 13 and
21. Therefore using we get the circles of the real cusps as follows:

(52) < gz (;1) < (;1 (;1) < 31
GeG) GeG) GDeG
23 D ) < G <G

When n is even, for the signature o(I'r(34?)); each of the A = 2 bound-

ary components have 1 infinite link period and the other M—% =16_2 _

2 272
7 boundary components have 2 infinite link periods.
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