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SOME HERMITE-HADAMARD TYPE INEQUALITIES FOR
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YILDIRIM

ABSTRACT. In this article, we will first describe a new generalized double
fractional integrals that generalize some important fractional integrals such
as Riemann-Liouville fractional integrals on two coordinates, k—Riemann-
Liouville fractional integrals on two coordinates, double conformable fractional
integrals, etc with some special choices. Later, using this generalized fractional
integral we just described, we will obtain new inequalities similar to the right
side of the Hermite-Hadamard inequality.

1. INTRODUCTION

Fractional calculus and applications have application areas in many different
fields such as physics, chemistry and engineering as well as mathematics. The ap-
plication of arithmetic carried out in classical analysis in fractional analysis is very
important in terms of obtaining more realistic results in the solution of many prob-
lems. Many real dynamical systems are better characterized by using non-integer
order dynamic models based on fractional computation. While integer orders are a
model that is not suitable for nature in classical analysis, fractional computation in
which arbitrary orders are examined, enables us to obtain more realistic approaches.
This subject has been studied by many scientists in terms of its widespread use,
see ([2I-[5], [, [8], [I0]-[12], [14], [15], [I7]-[20],[24]). One of the most important
applications of the fractional integrals is the Hermite-Hadamard integral inequality,
see ([, [, [6], 71, 91, [13], [6], [17], [20}-23)).

Hermite sent a letter in which he mentioned an inequality obtained by showing
convex functions to Mathesis magazine in 1881 and this study was published with
the file extension ”Mathesis 3 p.82, 1883”. Unfortunately, Hermite’s main work
is often mentioned anonymously. Later, similar results were mentioned in a study
conducted by Hadamard [9] in 1893. This important inequality has taken its place
in the literature as the Hermite-Hadamard inequality:

2000 Mathematics Subject Classification. 26A33, 26A51, 26D15.

Key words and phrases. Riemann—Liouville fractional integrals; convex function; co-ordinated
convex mapping; Hermite-Hadamard inequality.

(©2021 JOAMAC, Prishtiné, Kosové.

Communicated by Artion Kashuri.



2 M. E. TURKAY, M. Z. SARKAYA, H. BUDAK, H. YLDRM

g(m +a2> P /“QQ(x)de g(a1) +g(az)

2 a2 — a1 Jg, 2
where f : I — R is a convex mapping defined on the interval I C R and a,b € I,
with a < b.

In this paper, we get some inequalities similar to the Hermite-Hadamard inequal-
ity on a rectangle from the plane R2.

For our work to be done in two-dimensional space, we need the following de-
scription:

Definition 1.1. Let A =: [ay,as] X [by, ba] in R? with a; < as and by < by. A
mapping g : A — R is said to be convex in the bidimensional interval A, if the
following inequality holds:

gtz +(1—1t)y,sz+ (1 —s)w)

<tsg (@) +s(L—0)g(2)+t(1—s)glanw)+(1—8)1—s)g@w)

for all (z,y), (z,w) € A and t,s € [0, 1].

If the partial mappings f, : [a,b] = R, f, (u) = f(u,y) and f; : [¢,d] = R,
faz (v) = f(x,v) are convex for all z € [a,b] and y € [c,d], then f: A — R is called
convex in coordinates. However, the opposite is not correct (see, [6]).

Structurally similar inequality to Hermite-Hadamard inequality was obtained by
Dragomir for co-ordinated convex functions in [6].

Theorem 1.2. Suppose that g : A — R is co-ordinated conver on A. Then the
below sharp inequalities hold:

g (111-0-1127 b1+b2)

<ilata el bl+b2>dw+b;bl o (452, ) dy|

< GGt Jar y) dydz
1 (1.2)
1[‘12 alf g(z,b1) dac+a2 o fal g (z,b2) dx

+ﬁ fbf g9(a1,y)dy + ﬁ fb12 g(az,y) dy}
< g(a1,b1)+g(ar,b2)+g(az,bi)+g(az,bs)
= I .

The proof of a special version of Theorem 1 was shown by Sarikaya and Yaldiz
n [21].

Recently there have been many important results related with Hermite-Hadamard
inequality for co-ordinated convex functions (see, [6], [13], [20], [23]).

Under the same hypotheses, part of the expression in Theorem 1 was recovered
by Sarikaya in [20] with the help of two variable fractional integrals:
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Theorem 1.3. Let g: A C R? — R be co-ordinated convex on A\ = [a1, az] X [by, ba]
in R? with 0 < ay < as, 0 < by < by and g € Ly (A). Then one has the inequalities:

g (952, b52)

< Tty [0 (@) + T, g (@)

+J52—’{3b1+9 (a1,b2) + Jjééb; (a1, bl)}

< 9(a1,bi)+g(ar,ba)+g(as,bi)+g(az,bs)
1 .

(1.3)

In [22], Sarikaya et al. described the new left-sided and right-sided generalized
fractional integrals as the following:

a{r]sag (x) = /T %g (t)dt, x> ay (1.4)
o) = [ EED g 0ar s <, (15)

respectively, where ¢ : [0,00) — [0,00) is a function which satisfies fol @dt < 00.

Furthermore, they noticed that these generalized fractional integrals may con-
tain some types of fractional integrals such as Riemann-Liouville fractional inte-
gral, k-Riemann-Liouville fractional integral, Katugampola fractional integral, con-
formable fractional integral, etc., with some special choices.

Inspired by this definition, we give the following definitions:

Definition 1.4. Let g € Li([a1,az2] X [b1,b2]). The Generalized Riemann—Liouwville
integrals aj,bjl%ib’al*,b; I%w,a;’br I%w,a;’b; I,y are defined by

+ b+I w3 (z,y)

:fa1 fy “OSU t) ” S) g (t,s)dsdt, v > ay, y > by, (1.6)
ot by Lowg (2,9)
fal fb2 w; tt ss yy)g(t,S) dsdt, x > a1, y < by, .7
ag bt Lo g (2,y) s
=[" yl wit ; w;y :) (t,s)dsdt, x < ag, y> by, '
and
az by Lo, v (7, y)
= [ fb2 th f bs yy)g(t s)dsdt, x < ag, y < ba, (1.9)
where p,1) : [0,00) — [0,00) functions which satisfy fo W 4t < 00 and fo 1/’(8 )ds <

00, respectively.

Using the above definitions, the following can also be written

b1 + by z(p(ﬂ?—t) b1 + b
I =
af wg(x, 5 > /a1 po— glt, 5 dt, T > ay,
b1+b2 aQQD(t*SU) b1+b2
a;Iﬁ@g <.’,E, 2 )/x t—x g ta 2 dt7 T < ag,

a1 + as Yp(y—s) (a1 +as
I = d b
b;r dlg( 9 vy> by y—s g 9 , S s, Yy > 01,
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ba
a1 + ag P(s—y a1 + ag
b2[1/1g< 9 ay>/ i_y)g< 9 78)d5;y<b2~
Y

In this definition, known fractional integrals can be obtained by some special
choices. For example;

i) If we take ¢ (t) = ¢ and 9 (s) = s, then the operators (1.6)), (1.7), (1.8) and
(1.9) transform into the the Riemann integrals on two coordinates respectively as
the following

and

J+b+gxy // (t,8)dsdt, x> a1, y > b,
b1

xr bz
J;‘;’fb;g(x,y):/ / g (t,s)dsdt, x> ai, y < by,

ajﬁngy / / (t,s)dsdt, x < as, y > b,
by

and

ba
Js‘zi_g z,y) / / (t,s)dsdt, x < az, y < bs.

1) If we take @ (t) = @7 Y (s) = %, then for a, 8 > 0 the operators 1 ,
(1.7), (1.8) and (1.9) transform into the Riemann-Liouville integrals on two coor-
dinates ([20]) respectively as the following

JaiBbJr g (ZL', y)

(x)l" fal fbl z 7t ot (y - S)ﬁilg(tﬂ S) deta T >ar y> bla

o0 (@.y)

b a—1 —1
= F(a)l"(ﬂ) o J, @ =" (s = v’ gt s)dsdt, @ > a1, y < b,
T g (@)
271

T(@)T(B) f;Q fz}i (t— ﬂf)a_l (y — S)ﬁ_l g(t,s)dsdt, x < az, y > b,

and

I g ()

_ az bz a—1 B—1

= F(a)l"(ﬂ) J: fy (t—2)"  (s—y)" gt s)dsdt, x <az, y<by,
along with T' called Gamma function.

]
1) If we take <p( ) = kF i i and ¥ (s) = (ﬂ), for o, B,k > 0 then the opera-

tors . . and (1.9)) transform into the Riemann-Liouville k—fractional
integrals on two coordmates ([7]) respectively as the following

o.f
Wl 9 (@y)

T a_q L_1
= Fk(a+1)11"k(ﬁ+l) Ja, fbyl (x—=t)* " (y—s)* "g(t s)dsdt, x> a1, y> by,
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0&5
kI g(z,y)

b Q,]_ B_q
= Fk(a+1)1Fk B+1) fal f : k (S - y)k g(t7s) dsdt, x> a1, y < ba,
- b+g( y)

a a_q L_1
= Fk(a+1)Fk([3+1) L fbyl (t—z)* " (y—s)F gt s)dsdt, x <az, y> b,

and
%8 (z,y)
k a;,b;g Y

a b a_q L_1
= rk(a+1)1rk(5+1) I fy2 (t—2)* " (s—y)F " g(t,s)dsdt, x < az, y<by,

along with I'y called k—Gamma function.
iv) If we take <p() = t( g—t)a_l and w( ) = 5(by—s)*", for a € (0,1]
then the operators (1.6 , , and ) transform into double conformable

fractional integral ([ ]) respectwely as the followmg

o2 [ e tsem g (¢ s) dsdt

— [z [ g (t,8) dasdat,

ar Jby

fa2 b2 t7 L (by 4+ by — $)* ' g (¢, s) dsdt
f tb2+b1—’l))d ’Udt

f b, a2—|—a1—t)a Lso1g (t, s) dsdt

b
= bf g(as +a; —u,s)dysdau,

ai

f b1 (ag4ay — ) (by+ by — ) g (t,s)dsdt

— bbf g(as+a; —u,by + by —v)davdau.

ay
Similarly, with some special choices, many known fractional integrals can be
obtained.
Meanwhile, Sarikaya et al. [22] gave the following theorem which is about
Herimite-Hadamard inequality for the generalized fractional integral operators.

Theorem 1.5. Let g : [a1,a3] — R be conver function on [a1,as] with a1 < as,
then the following inequalities for the generalized fractional integral hold:

g (U5 < g e Too0n) by T )] < 20220 )

where A(z) defined by

The purpose of this paper primarily is to obtain some new Hermite-Hadamard
type inequalities by using the generalized Riemann-Liouville fractional integral with
two variables we just defined. Another aim is to obtain new inequalities related to
the right-hand part of the Hermite-Hadamard type inequality by using the fractional
integral with two variables that we just described.
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2. HERMITE-HADAMARD TYPE INEQUALITIES FOR GENERALIZED DOUBLE
FRACTIONAL INTEGRALS

In this section, it is aimed to give some new Hermite-Hadamard type inequalities
via the generalization of Riemann-Liouville fractional integrals on two coordinates
for coordinated convex functions.

Theorem 2.1. Let g: A C R? — R be co-ordinated convex on A\ := [ay, as] x [by, b]
in R? with ay < ag, by < by and g € Ly (A). In this case, the following inequality
is achieved:

g (a5, B5)

< v [a;r,bjfw,wg (az,b2) +,1 - Lo09 (a2,01)

+a2_,b1*'I<ﬂﬂbg (a1,bz) +a2_,b2_ Iy pg (ar, bl)]

< 9(a1,bi)+g(a,ba)+g(as,bi)+g(as,bs)
— 4

where ¢, : [0,00) — [0,00) are defined in Definition [1.4] and ¥ (x) is defined by
wi) = [t
0

Proof. In inequality (L.1)), © = tay + (1 —¢)as,y = (1 —t)ay + tag,u = sby +
(1 —58)bg, w=(1—5)by + sby with variable substitution and by choosing t = s =

1
2 we find that

g (952, B52)
< Llg(tar + (1 —t)as, sby + (1 — s) bo)
+g(tar + (1 —t) az, (1 — s) by + sba) (2.2)

+g9((1 —t)ay + tas, (1 — s) by + sba)
+g((1 —t)ay +tag, (1 —5) by + sba)].

Thus, multiplying both sides of 1) by ‘p((’”;‘“)t) w((btbl)s), then by integrating
with respect to (¢,s) on [0,1] x [0, 1], we obtain

A1)W(1)g (2522, 215)

1 1 pl as—aq)t ba—b1)s
SZ{IOIO e 2t 1))¢((2s 1)s)

x [g (tar + (1 —t) az, sby + (1 — 5) ba)]
+g (ta; + (1 —t)ag, (1 — s) by + sby)] dsdt
+ fol fol @((a2;al)t) P ((b2—b1)s)

S

x [g (1 —t) ay + tag, sby + (1 — 5) by)
+9((1 —t)ar +tas, (1 — s) by + sby)] dsdt} .
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Using the change of the variable, we get

AT (1)g (=522, 152)

b — by—
< 3 {Um gy el vl (0, ) dyda

b 2— —by
+ [0 [y e Busb g (o y) dyda

2 b2 — bo —
+faal by %%ﬁg(w,y)dydw

az b z—a -
[ fy el Y g (2, ) dyda |

T—ay y—b1
= i [aj‘,bf‘Lpﬂbg (az,ba) +a1*"1,2— Ippg(az,br)
Jra;,bfjap,wg (a1,b2) Jra;,b; Iy p9 (a1, bl)} :

Therefore, the first part of the inequality is obtained. To get the last part of the
inequality of 2.1} we will use the function g being co-ordinated convex on A, then
function g satisfies the inequality (1.1

g (tar + (1 —t) az, sby + (1 — ) ba)
< tsg(a1,b1) +s(1—1) g (az,b1)
+t(1=s)g(a1,b2) + (1 1) (1 —s)g(az,b2),

g (tar + (1 —t)az, (1 — s) by + sbs)
<t(1-s)g(a1,b1)+ (1 —1¢t)(1—s)g(az, by)
+tsg (a1,b2) + (1 —t) sg (az, ba),

g((l — t) ay + tao, sby + (1 — S) bg)
< (1—t)sg(a1,b1)+ stg(az,br)
+(1—=t)(1—s)g(ar,b2) +t(1—s)g(az,b2)

and
g (1 —t) a1 4 tag, (1 — s) by + sby)
<(1=t)(1-s)g(ar,b1) +t(1—s)g(az,b1)
+(1—1t)sg(a1,b2) +tsg (az,b2).

By adding the four inequalities above, we get

g (tay + (1 —t) as, sby + (1 — s) ba)
+g (tar + (1 —t) az, (1 — s) by + sb)
+g((1 —t)ay +tag, sby + (1 — s) by)
+g9((1 —t)ay + tas, (1 — s) by + sba)
< g(a1,b1) + g (az,b1) + g (a1,b2) + g (az, b2) .
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Then, multiplying both sides of 1) by 90(((12;‘“)” w((bngl)s) and integrating with
according to (¢, s) over [0,1] x [0,1], we get

fol fol v((azt—al)t) Y((b2=b1)s)

X [g (tay + (1 —t)ag,sby + (1 — s)ba) + g (tar + (1 — t) ag, (1 — s) by + sba)

+g((1 —1t)ar +tag,sby + (1 — 8) b)) + g (1 — t) ay + tag, (1 — s) by + sba)] dsdt
1 p1 as—aq bo—b1)s
Sfo fo a - )t) P(( - )s)

x [g(a1,b1) + g (az,b1) + g (a1, b2) + g (az, bz)] dsdt.

Here, using the change of the variable we have
i [a{r,b;rlsa,wg (az,bs) +a;r,b; I¢,wg(a2,b1)

+a;,bl+l<p,1/)9 (a1,b2) oy b5 Ippg (a1, bl):|
(a1,b1)+g(a1,b2)+g(az,b1)+g(az,b2)
S A(l)qj(l)g 1,91 glai,02 49 2,91 glaz,02 .

Thus, the last part of the inequality is obtained. O

Remark. Under the hypotheses of Theorem[2.1], when ¢ (t) =t and ¢ (s) = s are
taken, and become the same expression;

g (a142ra2 ’ leQrbz)

1 a b
< (a2—a1)(ba—b1) fa12 fb12 g (z,y) dydx
< 9(a1,b1)+g(a,b2)+g(az,bi)+g(az,b2)
T .

Remark. Under the hypotheses of Theorem when ¢ (t) = w— and 1 (s) =

I'(o)
FS(/;) are taken, and become the same expression;
g (aHQ“tm , bl‘ng)

I'a+1D)I'(B+1
< T [at ot T8 (02,52) ot 1 v (a2, 1)

Fay ot lowg (a1,02) +o o Lo g (an, bl)}
< 9lai,b1)+g(a1,b2)+g(az,b1)+g(az,bz)
i 4 .

a

Remark. Under the hypotheses of Theorem when @ (t) = #k(a) and © (s) =

8
% are taken, Theorem and Theorem 3.5 in [1] become the same expression.

Corollary 2.2. Under the hypotheses of Them“em when ¢ (t) =t (ag — t)ail

and 1 (s) = s (by — 8)* " are taken, then the inequalities become the inequal-
ities via double conformable fractional integral

4
aitas bi+b o? 771
9( 1tz ad 2) < CERICESR) k2=:1 Wy

< gla1,b1)+g(ar,b2)+g(az,bi)+g(az,bs)
— 4

where
W= [ b?ta_lso‘_lg(t,s)dsdt

ay

b
= f;f bf g (t,8) dpsdat,
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WQI = ;’12 ba to— 1 (b2 + b1 o S)O&—l g (t7 3) dsdt
a b
= a12 b12 g (t,ba + by — v) dyvdat,
Wdl f CLQ +a; — t)llfl Sa—lg (t,S) dsdt

1
az b2

= b, 9 (a2 +a1 —u,s)dasdau,

al

and
Wi = :12 be2 (ag+ay — )" (by+ by — 5)* " g (t, s)dsdt
a bg

= b, 9 (a2 + a1 — u, by + by — v) davdau.

ai

By using different method, two inequalities in Theorem will be obtained as
following forms:

Theorem 2.3. Let g:/A C R? — R be co-ordinated conver on A = [ay,az] X [b1, bo]
in with a1 < as, by < by and g € Ly (A). Then one has the inequalities:

g (a1+a27 b1+b2)
< i o To9 (02, 8552+, Tog (ar, 2422) |
+3om [+b;1¢g (952, 02) +4- Iyg (‘“;a?vbl)}

N

= 4A(1%\1/(1) [aj,bjfso,wg (az,b2) tat oy Ippg (az,b1)

tag ,bjrl%wg (a1,b2) tay by 1o 49 (a1, b1)}

IN

SA(D) {aprg(aQ,bl)ﬁﬁ Iog(az,b2) +,= 19 (a1,b1) + - Ig(a1,b2)}

8\1/1(1) [b1+1¢g (a1,b2) +y+ Iyg (az, b2) +b; Iyg(a1,b1) 4 Iyg (a2, bl)]
g(a1,b1)+g(a1,b2)+g(az,b1)+g(az,b2)
1 .

IN -+

Proof. Since g:/A — R is convex on the co-ordinates, it follows that the mapping
hy: [b1,b2] = R, hy (y) = g (z,y) , is convex on [by,bs] for all & € [a1,az]. So the
following Hermite Hadamard type inequality is obtained, for all z € [aq, az],

L ! B (b1) + ha (b
hz( 1 2) < [bf‘Lphw (b2) +,; Iohe (bl)} < ft (01) + 1o (ba)

> ) =20 5
That s,
(2, 252)
b - b
< samy [ g () dy + J,7 L5 g (2, y) dy| (2.5)

IN

9(z:b1)+g(z,b2)
2
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w(az %) and eE=a1)

for all « € [a,az]. Then multiplying both sides of (2.5) by po— o—ar
and integrating with respect to x over [a1, as), respectlvely, we have

and

faz v(azfz)g (m b1+b2) dx

ay as—x

b as—x -
< 7@ [f 2 2laet) 0lab) g (5 y) dyda

as—x ba—y

(2.6)
b as—x —
+ [0 [y el Yumh) g () dydx}

<% [fff 2ol (¢, by) der + [ 925 g (o, by) d
p(z—ai) b1+b

x—all ) (Jf, ! 2) d.’l?

b T—a b
= 2\1/(1) [f ’ “’(z all) wﬁ,j yy) (z,y) dydx
(2.7)

b2 90 a1) Y(y— bl)g (:z:,y) dydz}

—ai y—

+
%

IN

ay r—a

é[f‘”i“’(“" W) g (2, by) da + [ 2= g (g, bZ)dx}.

By similar argument applied for the mapping hy: [a1,a2] = R, by () = g(z,y),

we have

and

b2 w(bzfy)g (a1+a2 ’ y) dy

by ba—y
< %m [f bblz %%—7)9 (z,y) dydz

I S g o) dy] =
<3 [ bb12 22t g (ay,y) dy + [,* 2= g (az, y) dy}
i
< 2A(1) [f - %ﬁ% (z,y) dydx )

b —by bo —
+ [ [y i) i) g (3, y) dyd:c]

ba —by b2 by
<3 [ o L= g (ay,y) dy + [, U5 (s, y) dy} :
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Adding the inequalities (2.6)-(2.9), we have
1 bi1+bo b14bo
A |:ai" w9 (az, ™3 )+a_ Iog (a1, ™3 )}

+\1/% 1) [b+-rso9( ) Toy Loy (452, )}
Xf(l W((az a)t) it

< x@em |:a1 ot Lowg (a2, b2) +,+ o Lo 49 (a2, b1)

+a;,b+l¢’,w9 (alv ba) +a;,b; Iopg (a1, bl)}

| AN

(1) [ajlgog (az,b1) 4o+ Ipg (a2, b2)

Tay Leg (a1,b1) ta; L9 (a1, b2)}
+2\1;1(1) [b;rlcpg (a1,b2) +bl+ I,g (az,b2)
Fi; Lo (a1,01) 4 Log (a2,bl)} .

Thus, the second and third parts of the inequality (2.4]) are obtained.
On the other hand, by using the first inequality in (1.10]), we get

g (mgee, gl

< oy [Jo £ g (2, 2522) da
+ [ el g (3, bighe) dw]

and
g (mgee, bdte)
1 ba p(by—

< o [ et (252 )y
+fb2 1115/1/ b}il (argaz’y) dy} )

Adding the above inequalities, we have

(m M)

2 ’ 2

4A1(1) {a;r 09 (az, bl;rbz) ]Wg (a17 b1+b2)}
ey (o Loo (“592,02)  Tog (2522, ) |

which gives the first part of inequality (2.4]).
Finally, from the second part of inequality ([1.10]), we get the following;

g
<

o 1 0y o+ 2 5580 ]

2A(1) ax—x T—ay

g(ai,b1)+g(az,b1)
< SR

aq az—=xI

e [ £y (@.ba) da + [ 25 (2, by) dal

g(a1,b2)+g(az,b
< (a1 2)2(2 2)7

11
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b _ b .
2@1(1) { b12 wg:—yy)g(ala ) dy + f ’ w(y b )g(alvy) dy]}
< g(a1,b1)+g(a1,b2)
= 2

and

by o (ba— b b
20D [ o2 L2 g () dy + [, L5 g (s, y) dy}
< g(az2,b1)+g(az,b2)
— 2 )
which give, by addition, the last inequality in (2.4]),

SA(T) L;Iq:g(ambl)h; lIog (ag,b2) 4, Tpg (a1, b1) +,- wg(al’b2)}

+50 [bffwg (a1,b2) +y+ Ipg (az,b2) +,- Iyg (a1, b1) +,- f¢9(a2,b1)}
< gla1,b1)+g(a1,b2)+g(az,b1)+g(az,bs)
< 1 .

O

Remark. Under the hypotheses of Theorem[2.5, when ¢ (t) =t and ¢ (s) = s are
taken, and become the same expression.

Remark. Under the hypotheses of Theorem when o (t) = % and 1 (s) =
F(Z) are taken, Theorem and Theorem 4 in [20] become the same expression;

- 4((12—0.1)a

g (e, bgta) < el e g (ag, ER) + 2 g (ay, 5
I 1
ity [T (5,0) 4 7 g (55 b)|

I'(a+1)T 1 a, a,
% |:J +Bb+g (CLQ, b2) + Jaﬁb;g (GQ; bl)

IN

+J = b+g(a’1ab2) + J S by g(al,bl)]
= % [Ja+9(a2,b1) + J% g (az,b2)
(az—a1) ay af
+J;fg (a17b1) + J;:g (al, b2>:|
2 2
r
+8(b(26_7—~1_;3ﬂ |:J +9 (a/la b2) + JbB;rg (a27 b2>

+Jbﬁ;g (a1,b1) + Jb;g (ag, bl)}

< 9(a1,bi)+g(as,ba)+g(as,bi)+g(as,bs)
— 4 .

Remark. Under the hypotheses of Theorem when @ (t) = #%(a) and ¥ (s) =

8
ﬁk(ﬁ) are taken, Theorem and Theorem 3.7 in [7] become the same expression.

Corollary 2.4. Under the hypotheses of Theorem when ¢ () =t (ag —t)* ",
Y (s) = s(by — 5)* ", the inequalities become the inequalities via double con-

formable fractional integral;
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(g, gt

i

< sy [ 0 (12 dat + [ g (00 + an —, B582) do
ﬁ@%@Ufﬂﬂ%wﬂﬁ—ﬁw@%%m+m—@%4
Sm[‘[ g(ts) dasdat + [57 |, P2 g (t,by + by — v) dgvdat
[0 [ g (an a1 —u,8) dasdau+ [ 2 g ag—l—al—u,bg—s—bl—v)davdau}
< sy [ o (b0 + 9 ()] dat
+fa2[9(a2+a1—u,b1)+g(a2+a1—u,bg)]dau}

ba o) [fb (a1, 8) + g (az,8)] dos

+fb1 g a1,b2—|—bl—v)+g(a2,b2+b1_U)]dav}
< 9(a1,b1)+g(a1,b2)+g(az,b1)+g(az,b2)
< T )

3. APPLICATIONS FOR SOME NEW TRAPEZOID INEQUALIETIES

The purpose of this section is to obtain new inequalities including some Hermite-
Hadamard type inequalities with the help of our new double fractional integral.
First, we give our first conclusion for this part. For this, we need the following
auxiliary Lemma.

Lemma 3.1. Let g :A C R? = R be a partial differentiable mapping on A\ :=

[a1,az] x [b1,bs] in R? with a; < ag, by < by. If % € Ly (4), then the following
equality holds:

g(ai,b1)+g(ai,ba)+g(az,bi)+g(az,bs)
4

+ e {aj,bjlw,wg (a2,b2) +,+ = Lopg (a2,b1)

g ot Lo (@1,62) +o o Lowg (ar,b1)] = 4

(02*01)(172*171)
IA()T(1)

<{ Uy Jo At

(ta1 + (1 —t)ag, sby + (1 — s) be) dsdt

Q) l‘lA

—fo fo (1—-t)v ) A (tay 4+ (1 —t) ag, sby + (1 — s) by) dsdt
—fo fo (t)w 1—3) A (tay + (1 —t) ag, sby+ (1 —s)bo) dsdt

—|—f0 fo (1—1t)w 1_s>8t8gs (ta; + (1 —t) ag, sby + (1 —s) bg)dsdt}

QJQJ
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where

A = 4\1/1(1) [bTI@g(al,bQ) Ft o9 (az, b2)

+b;Lpg (a’la bl) +b; Lpg (ag, bl)i| ( )
3.2
+ﬁ(1)[[aj1¢9 (a27 bl) +a1+ I¢g (ag, bg)

Faz o9 (a1,01) + .= Ipg (an, 52)} .

Proof. Under Lemma’s hypotheses, if we calculate the following integrals;

L = fo fo ) 2L (tar + (1 — t) az, sby + (1 — s) bo) dsdt
= m/\(l)‘l’(l)g (a1,b1)
(1)
x [ el g (rq) 4 (1~ t) ag, by) dt
~ @ e AW (3.3)
><f1 Mg(al sby + (1 —s)by) ds

+((12*111)(52*b1)
% fol fol 90((a2t—a1)t) 1ZJ((bz;bl)S)

(a2 (ll) b2 b1

xg (tar + (1 —t) ag, sby + (1 — s) by) dsdt

and

I = [y Jy AL =)0 (s) 2 (tay + (1 —t) az, sby + (1 — 5) ba) dsdt
m‘l’() (1)g (az,b1)
@ Y
x 01 WQ (tay + (1 —t) az,by) dt
e A0 (3.4)
x [ 2la=b)s) g gy shy + (1 — 5) by) ds

1
" (az—a1)(b2—b1)
><f fl e(( az a1 (1 1)) P((ba—b1)s)

xg (tay + (1 - t) ag, sby + (1 — s) by) dsdt
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and

Iy = fol fol A()W(1 - 8)3 2 (tay + (1 — t) ag, sby + (1 — s) by) dsdt
e me AT (g (a1, b2)

1
+ (az—a1)(b2—b1) ‘Ij(l)

) o) 10, 4 (1 1) 2 )
1
e A1)
« f e((b2=b1)(1—s)) (b2 bl)(l s)) g (a1, sby + (1 —s)by)ds
1

—(GQ —ay) (b2 — by)
« f f LP((G2 a1)t) ¢((b2—b1)(1—s))

1—s)

xg (tay + (1 —t)ag, sby + (1 — s) by) dsdt
and finally

I, = fol fol A1 —8)¥(1— )atas (tar + (1 —t) ag, sby + (1 — s) by) dsdt
= e AP (L)g (a2, b2)

1
" (az—a1)(ba— bl)\II(l)

% [1 %2(10)9 (tay + (1 —t) ag, by) dt

Sl crern ey Ee)
X fo M g (ag,sby + (1 —s)by)ds

é

+(‘12 al)(bz b1)
Xf fl W((a2 al)(l ) e((b2—b1)(1—s))

(1-s)
xg (tay + (1 - t) ag, sby + (1 — s) by) dsdt

15

(3.6)

we obtain integrals I, I, I, I4 respectively.From (3.3)-(3.6), using the change of
the variables as © = ta; + (1 —t)as and y = sby + (1 — s) b for t,s € [0, 1]2, we

can write
L—IL—-I3+14

ai,b ai,b az,b az,b2)
_ lo(as 1>+g(<a21 a);i( zbl3>+9< 28l A (1)W(1)

_Wl(bz%f\(l) {berg (a1,b2) o+ Log (a2, b2)

+b2_ Igpg (al, bl) +b2_ Igpg (a2> bl)]

7W1(bz—b1)‘1’(1) [a1+1¢9(02,b1) Tat Loy (az,b2)
oy Log (a1,b1) +,- Isag(alva)}

+(a27a1)(b27b1)

x [aj,bffsa,wg (a2,b2) 43 b Lowg (az,b1)

Tay v Lowg (a1,b2) Tz by Lowg (al,bl)} :
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Multiplying the both sides of (3.7) by (az — a1) (ba — b1) /4A(1)¥(1), we obtain
(3.1), which completes the proof. ([

s?
'(B)

Remark. Under the hypotheses of Lemma when ¢ (t) = % and (s) =
are taken, Lemma and Lemma 2 in [20] become the same expression;

g(ai,b1)+g(ai,ba)+g(az,bi)+g(az,b2)
4

I'«x r «
% [J +ﬁb+9(a2ab2) +J% + ;9 (az,01)

JFsz‘l’Bb;rg(al,bQ)JrJ_ﬁb_ (a1,b1)| — Ay
_ (az— al)(b2 b1)

{fo fotk kataé (ta; + (1 —t) az, sby + (1 — s) be) dsdt
o 2 0%
*fo fo (1—1t) sk g

I (tar + (1 —t) ag, sb1 + (1 — s) be) dsdt

ds
8
— fol fol te (1 —s)k dtdqs (ta1 + (1 —t)ag, sby + (1 —s)by) dsdt
8
+ (1—5)% 29 (tay + (1 — ) a, sby+ (1) bg)dsdt}
where
Ay

= iy |09 (@1,b) + TPk g (az.bo) + I g (arb1) + I g (a2, br)]  (38)
+4F(O‘7+1)[J2‘1+g(a2,b1)+Ja1+g(a2,b2)—&-J(‘;‘;g(al,bﬂ+J§;g(a1,b2)~

(a2—a1)”

Under the hypotheses of Lemma if we take o (1) = #%(a), ¥ (s) = 772 (5) then
the above equality (3.1]) reduce to the following inequality involving k-fractional in-
tegrals

g(ai,b1)+g(ai,bz)+g(az,b1)+g(az,b2)
4

+ Fk(aﬂ—k;]?k(ﬁ-&-k)ﬁ [k afrﬁwg(a%b?) + I (a2’b1)
4(as—a1)k (ba—by)k

-HJ 2 b+g(a1752) +kI Cn g(a1,b1)} — Ay

_ (az al)(bz b1)

{fo fo tosh Eiai (tay + (1 —t) az, sby + (1 — 8) by) dsdt
— fo fo (1—1)"s8 E)até)gs (tar + (1 —t) ag, sby + (1 — s) by) dsdt
— e (1= 5)7 24 (tay + (1 — 1) ag, sby+ (1 — s) by) dsdt
+f01 fol (1-6)*(1- s)ﬁ aﬂtags (tar + (1 —t) aa, sby + (1 —s)ba) dsdt}
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where
A
_ TulBeh) [kI g (ar,be) +x I g (a2, bo)
4(b2 bl) 1
+1 g (a1,b1) +4 I, g (as, bl)} (3.9)
2 2
Fk(OtJrk))

[kf +9 (az,b1) +x 174 g (a2, b2)

4((12—0.1)%

+llog(an,by) +x 13- g (as, bz)} :

Next, we start to state the first theorem containing the Hermite-Hadamard-type
inequality for double fractional integrals.

Theorem 3.2. Let g : A C R2 — R be a partial differentiable mapping on /\ :=
[al,ag] [bl,bg] in R? with a1 < as, b1 < bs. If

co-ordinates on A\, then one has the inequalities:

Btas‘ s a convex function on the

‘ g(ai,b1)+g(ai,ba)+g(az,bi)+g(az,bs)
4

+ e [aj,bjfso,wg(ambﬂ Fat by Lowg (az,b1)

+ g lowg (a1,02) o= - Ioyg (alabl)} —A (3.10)
< wfo fo s)dsdt
x {'g;gs(al,bl) + % (a2,b1)| + | (an,b2)]| + ‘g:;;(az,@) }
where A is defined by .
Proof. From Lemma we have the following inequality
‘ g(ar.b1)o(e1.ba) +o(az.b1) +o(az.bs)
+ oo Lj,bj[sa,wg (a2,b2) + o+ = Lopg (a2, b1)
ozt Lo (a1,02) +o= = Lo g (a1,b) } —A‘
< i("zxt%%a;’“
{fo A ‘aws (tar + (1 — ) ag, sby + (1 — s) bg)‘dsdt (3.11)

+f0 fo A1 —t)U(s)
+f0 fo U(1—s)|2

+fo fo (1-8)¥(1—s)
X ‘Btas (tar + (1 —t) ag, sby + (1 — ) bz)‘ dsdt} )

% (tar + (1 —t) az, sby + (1 — s) bg)‘ dsdt

sios (tar + (1 —t) az, sby + (1 — s) bg)‘ dsdt
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. 8%g
Since ‘ Sios

is a convex function on the co-ordinates on A, then one has:

‘ glai,bi)+g(ai,bz)+g(as,bi)+g(az,bs)
4

+ IR [aj,bj o (a2,b2) 4+ = Lo g (az,b1)

Tay v Lo, vg(a1,b2) + by Loy (a1,b1) } —A‘
a2—ay bg—bl
< W
X fo fo Y+ AL —)T(s) + A)T(1 —s) + A1 — 1)T(1 — s)]

X {ts

+t(1—s)

m(ahbl)“‘rs(l—t) %(ag,bl)’dt

Batags (al»bZ)‘ 1-s)1-1t) |2 Sin (027b2)‘ ds}

- %I{) fo s)dsdt

% {| 2 (a,b)| + %(az,bﬂ‘ﬁ- 24 (a1,b2)| + | ke (a2, )|}

This completes the proof of the inequality (3.10]). O

Remark. Under the hypotheses of Theorem when ¢ (t) = % and ¢ (s) =
Fs(l;) are taken, Theorem and Theorem5 in [20] become the same expression;

g(a1,b1)+g(a1,b2)+g(az,b1)+g(az,b2)
4

C(a+1)I(B+1)
4(az—a1)(ba—b1)”

X [J“fwg (az,bz) + J _g(az,b1)
wag(al,b»uf,, g<a1,bl)] — 4|

(az—a1)(ba—b1)
= a(r) ()
X ( dasdt (a’l’bl)‘ dasdt (a17b2)‘

where Ay is defined by (@

Remark. Under the hypotheses of Theorem if we take ¢ (t) = #%(a), Y (s) =

L
kF (ﬂ) then we have the following Hermite-Hadamard type inequality for k-fractional
integrals;

dasat (az, bl)’ g?s@t (az,ba) D

g(a1,b1)+g(a1,b2)+g(az,b1)+g(az,b2)
4

4+ Le(at?)Tk (B+k)
o B
4(0.270.1)E (bQ*bl)E

+kI - b+g(a1,b2) +kl S by g(abbl)} _AQ‘

[ 12,9 (a2, b2) 4 1717, g (az,b1)

(as—a1)(ba—b1)
< G (

_|_

8%g 52
m(al’bl)‘ﬂL Wgt(alabQ)‘

2
% (a2,b2)D

2
%(G%bl)’ +
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where As is defined by (@)

Theorem 3.3. Let g:/A C R? — R be a partial differentiable mapping on A\ =
q

[al,ag] X [bl,bg] in R? with a1 < as, by < bs. If‘% s

on the co-ordinates on A\, then one has the inequalities:

q > 1, is a convex function

’ g(a1,b1)+g(a1,b2)+g(az,b1)+g(az,b2)
4

+mmem [aj,bf o9 (a2,b2) +41 = Lo.pg (az,b1)

+a;,bl+LP7wg (&1,()2) I ey (alabl :| _A‘
1
as—a1)(ba—b 1/ 5
< e () q(fo Jo (A ))pdsdt)

q
([ @l + +

q 52 q\ 1/a
\ i (ax.ta)] )

52 92 q
Seo; (a1, b1) 5a; (a1, b2) Wgt(az,lh)’ +

where A is defined by .

Proof. From Lemma we have inequality (3.11)). By using the well known
Holder’s inequality for double integrals, we get

‘ g(ar,b1)+g(a1,b2) +g(az,b1)+g(az,bz)

4
+4A(1§\1/(1) {aj,bjlv,wg (a2,b2) Taf by o9 (a2,b1)
Fay vt Lo (a1,b2) Tay by Lowd (a1, bl)} - A‘

1
az—a1)(ba—b P
<! ‘I 11)(\1121) x {Uo fo W(s))” det}

— )P (W) dsdt} ’

I \I/(l—s))pdsdt}%

=

=

A(L—1)P (¥(1 — s))? dsdt}

|

[0
[
+ [f A=) (B(1 = 5))" dsdt]’
[k
(fo fo ‘atas tay + (1 —t) ag,sby + (1 — ) bz)‘ dtds) Ha

Since

2 |4
%’ is a convex function on the co-ordinates on A, we know that for
te[0,1]

2 q
‘%(ml + (1 —t)az,sb; + (1 —8)b2>‘

<ts

2 q
28 (arb)| +t(1-9)

2 q
%(ahbﬂ}
q 829 q
(0= t)s | ok (a2 by)| 4 (1= 1) (1= 9)| 228 (a,b2)

By the simple calculating we obtain the required result. (I
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Remark. Under the hypotheses of Theorem when ¢ (t) = %;) and ¢ (s) =

F(Z) are taken, Theorem and Theorem 6 in [20] become the same expression;

g(ai,b1)+g(ai,b2)+g(az,bi)+g(az,b2)
4

I'la+1)I'(B+1 5
Ty et (02 2) £ T g (0, 1)

+J b+g(a1,b2) +J —’ﬁb— (a1,b1)} —A‘
M (,)W
= [(ep+1)(Bp+1)]*?

2 q 2 q 2 q
([t s b [ Con b+ [ (o 0+
where A is defined by .
Remark. Under the hypotheses of Theorem if we take ¢ (t) = #%'(a), Y (s) =

&
kF (ﬁ) then we have the following Hermite-Hadamard type inequality for k-fractional
integrals

2 q\ 1/a
%(G%bz)‘ )

g(ai,b1)+g(ai,ba)+g(az,bi)+g(az,bs)
4

Fk(a%;rk(mk)é [ aiﬁb+g(a27b2> +kI L bs g (az,b1)
4((127(11) k (b27b1) k

il b+g(al,b2)+k1 Con g(alvbl):| —Az‘
1 1/q
< __(az—ai)(ba—b1) -
= (@)™ \a
( 329 q 329 q 629 q
X m(al,bl) + @(al,bg) + m(ag,bl) +
where As is defined by (@)

2 q\ 1/a
%(G%bz)‘ )

4. CONCLUSION

The authors predict that by using this new double generalized integral they have
defined, new Hermite-Hadamard type inequalities will be obtained for different con-
vex functions.The authors also hope that this work can stimulate further research
into the various known types of inequalities and their applications of fractional
integrals.
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