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TAUBERIAN THEOREMS FOR FUZZY SEQUENCES BY
WEIGHTED SUMMABILITY METHOD

NAIM L. BRAHA

ABSTRACT. Fuzzy set theory has entered into a large variety of disciplines of
sciences, technology and humanities having established itself as an extremely
versatile interdisciplinary research area. Accordingly different notions of fuzzy
structure have been developed such as fuzzy normed linear space, fuzzy topo-
logical vector space, fuzzy sequence space etc. While reviewing the literature in
fuzzy sequence space, we have seen that the notion of Tauberian theorems for
the Norlund-Cesaro mean-convergent sequences of fuzzy numbers has not been
developed. In the present paper, we introduce some new concepts about sta-
tistical convergence of sequences of fuzzy numbers. The main purpose of this
paper is to study Tauberian theorems for the Norlund-Cesdro mean-convergent
sequences of fuzzy numbers and investigate some other kind of convergences
named Norlund-Cesdro mean-level convergence so as to fill up the existing gaps
in the literature. The results which we obtained in this study are much more
general than those obtained by others.

1. INTRODUCTION

The concepts of fuzzy sets and fuzzy set operations were first introduced by
Zadeh [2I] and subsequently several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy topological spaces, similarity
relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical
programming. Matloka [I5] introduced bounded and convergent sequences of fuzzy
numbers, studied some of their properties and showed that every convergent se-
quence of fuzzy numbers is bounded. In addition, sequences of fuzzy numbers have
been discussed by Kwon [I2], Altin et al. [I], Gokhan et al. [I0], Et et al. [7] and
many others. The notion of statistical convergence was introduced by Fast [§] and
Steinhaus [19], independently.

We shall denote by N the set of all natural numbers. Let K € N and K,, = {k <
n : k € K}. Then the natural density of K is defined by d(K) = lim, ui"‘ if the
limit exists, where the vertical bars indicate the number of elements in the enclosed
set. The sequence x = (z) is said to be statistically convergent to L if for every
e >0, the set K. = {k € N: |z — L| > €} has natural density zero (cf. [8[19]), i.e.
for each € > 0,
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1
lim — {k <n:|z—L| >¢€}| =0.

n—oo N
In this case, we write L = st — limz. Note that every convergent sequence is
statistically convergent but not conversely.
Let >, ay, be an infinite series with sequence of partial sums (s,). The (C,1)
transform is defined as the n-th partial sum of (C, 1) summability and is given by
So+ 81+ +Sp -

= Zsk—>s as n — oo, (1.1)
n+1 n—l—lk:O

then the infinite series Y.~ a, is summable to the definite number s by (C,1)
method.
Let {p,} be a non-negative, non increasing sequence such that
Po=po+pi+-+pn =200, as n—oo0, Py =p1 =071 >n

Then the series Y.~ a, is said to be almost Nérlund summable to S (or (N,py)-
summable) if

1 n
F anfvsv — Sa
" v=0

as n — o0o.
The product of (N, p,,) summability and (C, 1) summability defines (N, p,,)(C, 1)
summability and we denote it by N?C}. Thus if

1 n
NECE = B Zka,i — s as m— oo, (1.2)
" k=0

where NP denotes the (N, p,) transform of s,, and C} denotes the (C,1) transform
of s, then the series Y ;a, is said to be summable by (N,p,)(C,1) means or
summable (N, p,)(C, 1) to a definite number s. The (N, p,,) is a regular method of
summability(see [11]).

n

1
Zsk—>s, as n — oo,

5, — 5= Cl(s,) =
n+1 P

C} method is regular,
NP(CY(s,)) = NPC! — 5, as n — oo,
NPC} method is regular.

We say that the sequence () is Norlund-Cesdro summable to L by the weighted
mean method determined by the sequences (py, ), or briefly (N, p,,)(C, 1)— summable
if

lim N?C}(z) = L. (1.3)
n
In this case we will write L = N?C} — lim,, z,,. We denote by NP?C} the set of all
sequences which are summable NPC}. If

limz, =a (1.4)

exists, then (2.1) also exists. However, the converse is not always true. We can
show by the following example
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Example 1.1. Let us consider that p, = 1 for all n € N. Also we define the
following sequence x = (x3,) = (—1), then we have

n k
1 1
E 75 (1) =0 as n— oo.
n+1k:0k+1v:0

And as we know x = (xy), is not convergent.

Notice that (2.1) may imply under a certain condition, which is called
a Tauberian condition. Any theorem which states that convergence of sequences
follows from its (N, p,)(C, 1)— summability and some Tauberian condition is said
to be a Tauberian theorem for the (N, p,,)(C,1)— summability method.

The theory of Tauberian is extensively studied by many authors([4], [6], [14], 16,
17, [22]). In this paper our aim is to find conditions (so-called Tauberian) under
which the converse implication holds, for defined convergence. Exactly, we will
prove under which conditions convergence of sequences (z,,), follows from NPC!—
convergence. This is a generalization of methods given in [I7] and [22], and it is
shown in the following example.

Example 1.2. Let us consider that x, = n, then NPC} reduces to the Nérlund
method defined in [17] and [22].

Definition 1. A sequence (z,,) is weighted NPC}: —statistically convergent to L if

for every e > 0,
1 1 <
PP DL B
" k=0 v=0

In paper [0], was given conditions under which for every bounded sequence (xy,)
the implication

1
lim{kan: =0.

n—o0

sty — lilgnxk =L implies sty — liin (EC); =L

holds. The converse of the above fact is known as Tauberian Theorem. Also this
fact, for the above summability method, is given in [5]. The theory of Tauberian
theorems are intensively investigated by several authors, see [16], [I3], [4], [6]. In
this paper we will prove Tauberian theorems for fuzzy sequence spaces. Let C'(R)
denote the family of all nonempty, compact, convex subsets of R. Denote by

LR)={u:R —[0,1]: v satisfies (1) —(4) bellow}
where

(1) w is normal, there exists an z¢ € R such that u(xg) =1,

(2) w is fuzzy convex, for any z,y € Rand 0 < A < 1, u(Ax + (1 — N)y) >
min [u(z), u(y)],

(3) w is upper semicontinuous,

(4) the closure of {z € R : u(z) > 0}, denoted by [u]p, is compact.

If w € L(R), then w is called fuzzy number, and L(R) is said to be fuzzy number
space. For 0 < a < 1, the a— level set [u], of u is defined by [u], = {x € R :
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u(x) > a}. Then from (1)-(4), it follows that the a—level sets [u], € C(R).

The set of real numbers can be embedded in L(R), since each r € R can be
regarded as a fuzzy number 7 defined by

_ 1, if z=m,
S 0; if x#ET
Let u,v,w € L(R) and k € R. Then the operations addition and scalar multipli-
cations are defined in L(R) as follows:
Ut v=w<E [Wy=[ua+[v]e foral «ae€c]l0,1],

sw, =u, +v, and wl =ul +vl forall «ae€l0,1],

[kulq = k[u]o forall a€][0,1].

Further details related to the structural properties of the fuzzy numbers, are given
in [3]. Let us denote by W the set of all closed bounded intervals A of real numbers
with endpoints A and A, i.e., A = [A, A]. Define the relation d on W by

d(A, B) = max {|/A — B|,|4 - B|}.

Then it can be easily observed that d is a metric on W and (W, d) is a complete
metric space, ([I8]). Now, we may define the metric D on L(R) by means of the
Hausdorff metric d as follows

D(u,v) = sup d([u]a,[v]a) = sup max{|u”(a) — v (a)],|u’(a) — v (a)]}.
agl0,1] agl0;1]
And
D(u,0) = sup max {|u”(a)], |u* ()|} = max {ju(a)|, [u" ()]},
a€l0;1]

A sequence u = (uy) of fuzzy numbers is a function u from the set N, into the set
L(R). The fuzzy number uj denotes the value of the function at k € N and is called
as the k—th term of the sequence. By w(F), we denote the set of all sequences of
fuzzy numbers. A sequence (u,) € w(F') is said to be convergent to u € L(R), if
for every € > 0 there exists an ng = ng(e) € N such that

D(up,u) <e forall n>mng.

Definition 2. Let X = (X}) be a sequence of fuzzy numbers. The sequence X is
said to converge weighted statistically to a fuzzy number X, if for every e >0

1
lim B {k < P,:D(Xy,Xo) > €} =0.

n—oo
The above type of convergence we will denote by

StFW — thn = Xo.
n

Definition 3. Let X = (Xi) be a sequence of fuzzy numbers. The sequence X is
said to be Norlund-Cesdro summable to a fuzzy number Xy if the sequence

k

1
1 —
Nﬁcn(X)—EZpkaXv,
k=0 v=0
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is statistically convergent to Xg, where the sum in NPC}(X) is usual addition of
fuzzy real numbers through a— level sets. That is (Xy) is statistically Norlund-
Cesdro summable to the fuzzy number Xq, if for every e > 0

lim — \{k < P, : D(NECy, Xo) > e}| = 0.
n—oo
The above type of convergence we will denote by
stp —lim NPC} =
Remark. From statistically Norlund-Cesdro summable, follows statistically Norlund-

Cesdro summable of the fuzzy sequences.

Theorem 1.3. Let us suppose that (Xy) is a bounded sequence of fuzzy numbers
such that exists stpyw —limy, Xy, = L, then it follows that sty —limy NPCL = L, but
not conversely.

Proof. Let us suppose that stpy — limg Xy, = L. Let € > 0 be any given number.
Then

1da 1 & P,

k
1
— Xy, P, L <—D X, L
!pn! (zk 5 ) (zmz )
—D XO+M+...+X0+X1+X2+'”+X”7L <
P, 1 2 n+1
D<X0+X1+X2+ +Xn,L><
1
———D(Xo+ X1+ Xo+ -+ X, L) <
CESI (Xo+ X1 +Xo+ -+ Xpn,(n+1)L)
1
—————[D(Xo, L)+ D(X,,L)+ D(Xs, L)+ -+ D(X,,L)] <
(TL+1)PTL[ ( 0 )+ ( 1, )+ ( 2, )+ + ( )]

1
< sup {D(X;L)}<
n j€{0,1,2,-- ,n}

1
— sup{D(X;,L)} =0, as n— oo.
P j<p,

To prove that converse is not true, we construct this example

Example 1.4. Let us consider that (p,) = n and the following sequence (Xy) of
fuzzy numbers:

t+1, —-1<t<0
—t+1, 0<t<1 , fork=m?—-—m,..,m>—1
0, otherwise
X (t) = 1-L  —m<t<0
1+%, 0<t<m , fork=m2,m=2,..
0, otherwise
0, otherwise }, otherwise
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Then, we calculate the a—level sets of sequences (Xy) as follows

[@—1,1—q] for k=m?—m,..m?>—1
(Xi]* =< [-m(a—1),-m(l—a)] k=m?*m=2,3,---
0 otherwise

The sequence of fuzzy numbers (Xy) is NPCL summable to 0, because
l Inn+C+Hep
NP — %—J)H for k=m?—m+1;1=0,1,2,--- ,m—1;m=2,3,
e otherwise

where C is a Euler constant and €, — 0, as n — co. And hence statistically NPC} —
summable. On the other hand, the sequence (m?;m = 2,3--- ) is statistically

convergent to 0, it is clear that st —liminf, X, =0 and st —limsup,, X,, = 1. Thus
X = (X,,) is not statistically convergent. Nor weighted statistically convergent.

O

In this paper our aim is to find conditions (so-called Tauberian) under which the
converse implication holds, for defined convergence. Exactly, we will prove under
which conditions weighted statistically convergence follows from N?C!-statistically
convergence.

2. MAIN RESULTS

Theorem 2.1. Let us consider that

st rw , t>1 (21)

n
where t,, denotes the integer part of the [t - n] for every n € N, and let NPC}
be a sequence of fuzzy real numbers such that stp — limy NPC! = L. Then (Xk)
is stpw— convergent to the same fuzzy number L if and only if the following to
conditions holds:

1 J
%gfhgnbupp—n k<P,:D Ptk_Pk ijj_’_ Z:XU—Xk),X;C >ep| =0,

j=k+1
and
1 1 b 1 <
£ —HRk<p,:D|—no = N (X —X). Xk | >l =0
olnf limsup =19 k < Py Pkatkj;Hp]jHZ)( R X)Xy | 2 € 0
=t v=

(2.3)
Remark. Let us suppose that stpy — limgz, = L; stp — limy NPCL = L and
relation satisfies, then for every t > 1, is valid the following relation:

t 1 X, =0, 2.4
StFwW — Pt _Pk '%1pj]+1z (2.4)

and in case where 0 <t < 1,
J

t li X, =0. 2.5
stpw — 17anPk_ ]tz+1p]‘7+ Z v (2.5)
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In what follows we will show some auxiliary lemmas which are needful in the
sequel.

Lemma 2.2. The condition given by relation is equivalent to this one:
P,
stpw — liminf =~ >1, 0<t<1. (2.6)
n B,

Proof. Let us suppose that relation (2.1) is valid, 0 < ¢ < 1 and m = ¢, = [t - n],
n € N. Then it follows that

1 t
7>1:>@: [t -] <n,
t t
we have:
P, P
p, m P i . i
PTTL > ]—Lm] = stpw —hrrlnlnfﬁn > stpw _h'ranlnff[’tn] > 1.

Conversely, let use suppose that relation (2.6)) is valid. Let ¢t > 1 and be given and
let 1 be chosen such that 1 < ¢; <t. Set m =t, = [t-n]. From 0 < § < % <1,it
follows that:
tn—1 [tn] m
n < <=2
t 131 131

provided t; < t— %, which is a case where if n is large enough.Under this conditions
we have:

P,

Pr.
[]

P,
= stpw — liminf I > stpw — liminf
n n

m n
t1

P, P o1
Pn_P[ '

O

Lemma 2.3. Let (p,) be a sequence which is non-negative sequence of numbers
and satisfies condition . If X = (Xk) is a sequence of fuzzy numbers converges
NPCL —statistically to fuzzy number L. Then for every t > 0,

stp —Him NP C) =L,
n
where by t, = [t - n], is denote the integer part of the product t - n.

Proof. Proof of the Lemma is similar to the proof of Lemma 2, in [I7]. For this
reason we omit it. ]

Lemma 2.4. Let (p,) be a sequence which is non-negative sequence of numbers
and satisfies condition .If X = (Xi) is a sequence of fuzzy numbers which
converges NPCL—statistically to fuzzy number L. Then for every t > 1,

tn J
1
—_ 1 — _1 . . .
strw 11711n(Pt” P,) j:En+1pjj 1;:0:)(1 L; (2.7)

and for every 0 <t < 1,

n

. _ 1
stpw —lim (P, = P,) " Y pj——> X;=1L. (2.8)
" PP A
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Proof. Let us suppose that ¢ > 1, then P, > P,, and

tn
D(Ptn Z p’“k+ ZX”’L>

1 o 1
D<M 2 pkkHZ;XmNﬁCé)w(Nm n. @9
" k=n+1 v=

It is know that for any three fuzzy numbers X,Y and Z, is valid the following
relation:

D(X +Y,2) < D(X, 2). (2.10)

(I) Let us suppose that ¢ > 1. Knowing that D(z,y) = D(z +t,y+1t), then after
some calculations we obtain

t k
1 - 1
D(5—5 Y X, NECL ) =
(Pt"_Pn k:n—&-lpkk—’_lv:[) " n)

n k
P, 1 1
D NP CL NEC) + X,
(Ptn—P o NG Ptn—PankIH—lZ

<D< P, Npclecl>— ( P, NP O} Pt"NpCl>—

P, —P, P, —P, " P,
P, P,
—= D[N C} (1- ") NEC) ) <
Py, = Pa ( ( Ptn) VA
P p D (N} Cy,NECL) . (2.11)
P, — P,
From definition of the sequence (t,), we get
h,
t —1i = 2.12
strw 1msuppt =y < 0. (2.12)

Now relation ([2.7) follows from relations and Lemma [2.3]

(IT) The case 0 < t < 1. In this case we have

D( Z pkk+ ZX,,,L)

Py St
D<1 n P N”Cl>+D(N”C1 L)
Pn_Pt, k‘—l—l vy tn N tn N .
" k=t,+1 v=0
Following Lemma [2.3] and the conclusions like as in the previous case we get that
relation is valid. O

In what follows we will prove the Theorem
Proof. Necessity. Let us suppose that sty —limg X = Xg, and stp—limy NﬁC,i =
Xjo. For every ¢ following Lemma 2.3 we get relation (2.2) and relation (2.3).

Sufficient: Assume that stp — lim,, N?C! = X, and conditions (2.1)), (2.2)) and
(2.3) are satisfied. In what follows we will prove that stpy — lim, X,, = Xg. Or
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equivalently, stp — lim,, D(NPC}, X,,) = 0.
First we consider the case where ¢ > 1. Since

7oL < 4
D(NncnaXn)D<Ptn_P Z pkk+1ZXv7N C>

t k
1 u 1
D (H > Pk;mZXv’Xn)
" k=n+1 v=0
For any € > 0, we get:
{k < P, :D(Xy, NPC}) > €} C

k<P,:D ijwr ZXU,Xk > e
=k+1
U k<Pn:i~D(NpC’,i-N”C,1)>E . (2.13)
= P, — Py R =2

From relation (2.2), it follows that for every 6 > 0, exists a ¢ > 1 such that

lim su k<P,:D Xo, X > € < 4. 2.14

np > 2} Z p]] 11 Z v k > ( )
j=k+1

On the other side, from Lemma [2.3] it follows that

: 15
nll)néo‘{kgpnm ( Ck7Nka)

From relations (2.13), (2.14), (2.15) and (2.1)), it yields
lim |[{k < P,:D(NLCh; Xy) > e}| <.

n—oo

l\.’J\m

}’ =0. (2.15)

Since § > 0 is arbitrary , we can conclude that for every ¢ > 0,

lim |{k < P, : DINJC}; Xi) > €}| = 0.

n—oo

Now, in similar way as above we can prove the second case.

O

3. TAUBERIAN THEOREMS FOR NORLUND-CESARO MEAN-LEVEL CONVERGENCE

In this section we will introduce some level convergence of fuzzy numbers which
is generalization of that given by [20] and also we will give some results related to
the statistical limit inferior and superior for sequence of fuzzy numbers related to
the new definition.

Let X = (X,,) and Y = (Y,,) be two real sequences of fuzzy numbers. We
say that (Xj) is weighted statistically bounded from above if there exists a fuzzy
number Xy, such that

1
lim = [{k < Py : Xi > Xo} U {k < Py Xi = Xo}| = 0.
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Similarly, (X}) is weighted statistically bounded from bellow if there exists a
fuzzy number Yy, such that

1
limF|{k§Pn:Xk<Y0}U{k§Pn:XkoOYO}|:0.

If the sequence X = (X}) is both weighted statistically bounded from above and
bellow we will say that it is weighted statistically bounded.

With respect to order-theoretical aspect, there are several possibilities to define
an order relation on the set of fuzzy numbers. As it is customary, we will basically
follow the order relation on L(R) defined by X <Y if and only if X~ (a) <Y~ («)
and X (a) < YT (a), for any a € [0,1]. Where [X], = [X (), X" («)]. The fuzzy
numbers X and Y are said to be incomparable if neither X <Y nor Y < X holds.
In this case, we use the notation X ~ Y.

Definition 4. Let X = (X,,) be a weighted statistically bounded sequence of fuzzy
numbers. Then the weighted statistical limit inferior of the X = (X,,) is given by

1
stpw — liminf X,, = inf {Xo e E: limP— |k < Pp: Xk < Xo| # 0}.
n n

n

And, the weighted statistical limit superior of the X = (X,,) is given by
1
stpw — limsup X,, = inf {XO ekE: limP— |k < P, : Xk > Xo| # O}.

Theorem 3.1. Let X = (X,,) be a weighted statistically bounded sequence of fuzzy
numbers. If stpy — lim, inf X,, = X, then
lirrlnpin|{k§Pn:Xk<X0—e}|:0 (3.1)
and
li7rznpin|{k§Pn:Xk < Xo+eU{k<P,: Xg»Xo+e}|#£0, (3.2)
for every e > 0.
We will follows techniques given in Theorem 2([2]), to prove our theorem.

Proof. Let us suppose the contrary, that there exists a € > 0 such that
1
—Nk<P,: X; <Xo—¢€}|»0,
P,

as n — 0o. From definition [4 and above relation we obtain that Xy < X, — €, which
is contradiction. In the second case, let us suppose again contrary, there exists
€ > 0 such that

1 1
— k< P,:Xp<Xo+e}| =0, —|{k<Py:Xp~Xo+e}| =0, (3.3)
P, P,

as n — oo. For each k < P,, for these two fuzzy numbers X, and Xy + €, we have
this three possibilities:

X < Xo+4e, X > Xo+ e and Xi » Xg+ €. And we get

{k<P,: Xp <Xo+e}U{k<P,: Xp>Xo+e}U{k<P,: Xy » Xg+e€} =P,.
(3.4)
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Comparing relations (3.3 and (3.4)), we obtain
<P, :Xp>X
o L0E < P X > Xo + ¢}
n P,
This means that Xy +¢e < X, which is contradiction. And this proves theorem. [

=1

The same result is valid for the statistically limit superior, as is shown in the
following

Theorem 3.2. Let X = (X,,) be a statistically bounded sequences of fuzzy numbers.
If stpw — lim,, sup X,, = Xy, then

lirrbnpin|{k§Pn:Xk>Xo+e}|:O (3.5)
and
1175npin|{kgpnzxk S Xog— b ULk < Pt Xpm Xo— €} £0,  (3.6)
for every e > 0.

The level convergence of sequence of fuzzy numbers was given by [9], as follows.
Let X = (Xx) be a sequence of fuzzy numbers, it is level-convergent to the fuzzy
number X, if

lim X, (a) = Xg(a),nlggox,j(a)zxg(a), (3.7)

n—oo
for any « € [0, 1].
Remark. The level convergence differs from the standard convergence and it is

shown in the following example.

Example 3.3. Let

and )
1;, 2<r<1
— ) 4 — e —

uo(r){o; OSTS% , Tp(r) =1

From representation theorem in [20], there exists a unique fuzzy number wu, and
a unique fuzzy number uy such that [u,]" = [un(r), T (r)], [uo]” = [uo(r), o (r)].
Obviously, the sequences un(r),un(r) converges to ug(r),uo(r), respectively at any

€ [0,1], as n — oco. And D(un,up) = sup,¢(1 y {1 —(r— %)l} = 1, for any
natural number n. But u,, does not converges to ug.

Following it and our definition related to the Euler-Norlund mean-convergent,
we give this
Definition 5. The fuzzy sequence X = (X) is Norlund-Cesdro mean-level con-
vergent to a fuzzy number Xg, if

k
X+ (a) = X+

nlbnéop Zpkk+1;)X nhnéop Zp’“k+1z Xy (a) = X (a),
for all a € [0,1].
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In what follows we will prove a kind of Tauberian theorem for the newly defined
concept of Norlund-Cesaro mean-level convergent.

Theorem 3.4. Let X = (Xj) be a bounded sequence of fuzzy numbers. Assume
that (Xx) is Norlund-Cesdro mean-level convergent to fuzzy number Xgo. Also we
suppose that stpy — lim, sup X = Xg and there is a number ¢y > 0 such that for
every € € (0, ¢€),

k
1 1
lim — k:an:kaXvoaXo—eH:O,
n Pn{ k+1<~
1 1 &
lim — X k < Py, : pk vawxo+e}|—o.
n Pn{ k41

Then stpw — lim, X,, = Xjp.

Proof. We say that fuzzy numbers v and w are not comparable if neither v < w
nor w < v. From stpy — lim, sup X3, = X and Theorem we have

lim o (k< P s X > Xo 4 €} =0,
for every € > 0. Let us suppose for the moment that

“f?pin {k < Py D(Xp, Xo) > €}] #0.
Then exists a €; € (0, €g) such that

li?%n {k<P,:Xr<Xo—er}|#0.

We define the following sets of fuzzy numbers:

k
1
A =<k<P,: X Xo —
1 { = pkk+1; < Xo 6},

k
1
Ay, =L k<P, : Xy — X X ,
2 { < 0 6<pkk+lq;§::0 k< 0+€}

k k
1 1
As =< k<P, : X X k<P,: X Xo —
3 { < pkk+1vz::() k> 0+6}U{ < Pk 1)2220 k™ Xo E}U

k+1
From definitions of the sets A4;,4 € {1,2,3}, we get

k+1
1 k
{k<Pn:pk ZXkooXo—f—e}.
v=0

1 1 1 1

On the other side, from second relation in the expression we have that

1
E‘A1| >a> Oa
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for infinitely n and after some calculations we obtain

k k
Zp’“k+1z ksz’“l~c+1Z Z:p’“chrlzXJr
€A, kEA
Ve Z P +12X 2+ T g+ )

for some fuzzy number A. There exists an « € [0, 1] such that
NECE (@) < X (@) +€(1 —a) +0(1).
since € € (0, €p) is arbitrary, then we get
liminf N?C} ™ (a) < X; (a).

Hence X = (X,,) is not Norlund-Cesdro mean-level convergent to fuzzy number Xy,
which prove Theorem. O

Remark. The above theorem is valid also for the stpw — liminf,, X,, = Xj.
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