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FRACTIONAL INEQUALITIES FOR EXPONENTIALLY
GENERALIZED (m,w,hi,he)-PREINVEX FUNCTIONS WITH
APPLICATIONS

ARTION KASHURI AND MEHMET KUNT

ABSTRACT. The aim of this paper is to introduce a new extension of prein-
vexity called exponentially generalized (m,w, h1, ho)—preinvexity. Some new
integral inequalities of Hermite-Hadamard type for exponentially generalized
(m,w, h1, ho)—preinvex functions via Riemann—Liouville fractional integral are
established. We show that the class of exponentially generalized (m,w, h1, ha)—
preinvex functions includes several other classes of preinvex functions. At the
end, some new error estimates for trapezoidal quadrature formula are provided
as well. This results may stimulate further research in different areas of pure
and applied sciences.

1. INTRODUCTION

The class of convex functions is well known in the literature and is usually defined
in the following way:

Definition 1.1. Let I be an interval in R. A function f : I — R, is said to be
convex on [ if the inequality

fa+ (1 =2)b) < Af(a) + (1= A)f(b) (1.1)

holds for all a,b € I and A € [0, 1]. Also, we say that f is concave, if the inequality
in (1.1)) holds in the reverse direction.

The following inequality, named Hermite-Hadamard inequality, is one of the most
famous inequalities in the literature for convex functions.

Theorem 1.2. Let f: I CR — R be a convex function and a,b € I with a < b.
Then the following inequality holds:

1(57) < gt [ s < 1EI0 )

This inequality is also known as trapezium inequality.
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The trapezium inequality has remained an area of great interest due to its wide
applications in the field of mathematical analysis. Authors of recent decades have
studied in the premises of newly invented definitions due to motivation of con-
vex function. Interested readers can see the references [4]-[I5],[17, 2T} 22} 26} 27].

In [I0], Dragomir and Agarwal proved the following results connected with the right
part of ([1.2)).

Lemma 1.3. Let f : I° C R — R be a differentiable mapping on I° (interior of
1), a,beI° witha<b. If f' € L{a,b], then the following equality holds:

flay+fo) 1
5 7b—a/a f(x)dx

b 1
= (T“)/ (1—20)f'(ta+ (1 — t)b)dt. (1.3)
0
Theorem 1.4. Let f : I° C R — R be a differentiable mapping on I° (interior
of I), a,b € I° with a <b. If |f'| is convex on [a,b], then the following inequality
holds:

(b—a)

a
<
- 8

(I @+ 1r@n. 14

fl@+f) 1 f°
’ 5 _bfa/a f(z)dx

Now, let us recall the following useful definitions.

Definition 1.5. [21I] A function: f: I C R — R is said to be m—MT—convex, if f
is positive and for Vz,y € I, and t € (0,1), among m € (0, 1], satisfies the following

inequality
Vit my/1—1t
tx+m(l—-t)y) < x)+ . 1.5
H( ( )y)_2mf() NARAZ (1.5)
Definition 1.6. [3] A set K C R” is said to be invex respecting the bifunction
n: K x K —R" if z+tn(y,z) € K for every z,y € K and ¢ € [0, 1].

Definition 1.7. [I6] Let & : [0,1] — R be a nonnegative function and h # 0. The
function f on the invex set K is said to be h—preinvex with respect to 7, if

flz+in(y,2)) < h(1—8)f()+ (1) f(y) (1.6)
for each z,y € K and t € [0,1] where f(-) > 0.

Definition 1.8. [II] A set K C R” is named as m—invex with respect to the
bifunction n : K x K — R™ for some fixed m € (0, 1], if mz + tn(y, mz) € K holds
for each z,y € K and any ¢ € [0, 1].

Remark 1.9. Taking m = 1 in Definition the mapping n(y, mz) reduce to
N(y,x), and then we get Definition

Definition 1.10. [24] Let K C R be m—invex set respecting the bifunction 7 :
K x K — R and hy,hy : [0,1] — [0,400). A function f : K — R is said to be
generalized (m, hq, hy)—preinvex, if

Fma + tn(y, ma)) < mia(6)7(2) + ha(0) £ () (1.7)

is valid for all z,y € K and ¢ € [0, 1], for some fixed m € (0, 1].
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Definition 1.11. [14] Let f € L[a,b]. The Riemann-Liouville integrals J¢, f and
Jit f of order o > 0 with a > 0 are defined by

It @) = s | @0 0 o>

and

b
Jg f(x) = ﬁ / (t— ) f(B)dt, b>a,
+oo

where I'(a) = / e “u®*"'du. Here JO, f(z) = J)_f(z) = f(z).
0
Note that a = 1, the fractional integral reduces to the classical integral.

An important class of convex functions, which is called exponential convex func-
tions, was introduced and studied by Antczak in [2], Dragomir et al. in [J] and
Noor et al. in [20]. Alirezai et al. in [I] have investigated their basic properties
along with their potential applications in statistics and information theory. Awan
et al. in [5] and Pecari¢ et al. in [23] defined another kind of exponential convex
functions and have shown that the class of exponential convex functions unifies
various unrelated concepts.

Definition 1.12. [2,[9, 19] A function f: K C R — R is said to be exponentially
convex, if

ef(1=t)a+tb) <(1- t)ef(a) + ted®) (1.8)
holds for all a,b € K, t € [0, 1], where f is positive.

For the applications of exponentially convex functions in different field of statis-
tics, information theory and mathematical sciences, please see [I} 2] [5l 18] and the
references therein.

Definition 1.13. [25] A function f : K € R — R is said to be exponentially
m—convex, where m € (0, 1], if

ef ((A=atmtt) < (1 _ 1)l (@) 4 mpef®) (1.9)
holds for all a,b € K, t € [0,1], where f is positive.

Motivated by the above literatures, the main objective of this article is to establish
in section [2| fractional integral inequalities using a new class of preinvex functions
called exponentially generalized (m,w, hy, ha)—preinvex. Also, using a new identity
pertaining differentiable functions defined on m-invex set as auxiliary result, some
new Hermite-Hadamard inequalities for exponentially generalized (m,w, hy, ho)—
preinvex functions via Riemann-Liouville fractional integral will obtain. Various
special cases will be discussed. In section[3] some new error estimates for trapezoidal
quadrature formula will be given. In section [d] a briefly conclusion is provided as
well. This results may stimulate further research in different areas of pure and
applied sciences.

2. MAIN RESULTS

Now, we are in position to introduce the new class of functions called exponentially
generalized (m,w, hy, he)—preinvex as follow:
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Definition 2.1. Let K C R be m-invex set with respect to the bifunction 7 :
K x K — R for some fixed m € (0,1] and hy, hy : [0,1] — [0,+00). A function
f:+ K — (0,400) is called exponentially generalized (m,w, h1, ho)-preinvex, if

ef (mattn(yma)) < mpy (1)@ 4 hy(t)ev W) (2.1)
holds for all z,y € K, t € [0,1] and w € R.

Remark 2.2. In Definition if we choose w = 1, hy(t) = 1 —t, ho(t) = t and
1(y, mx) = y — ma, this definition reduce to the Definition m

Remark 2.3. Under the conditions of Remark [2.2] taking m = 1, we get Definition

Remark 2.4. Let us discuss some special cases in Definition 2.1 as follow:

(I) Taking hq(t) = h(1 —t) and ho(t) = h(t), then we get exponentially gener-
alized (m,w, h)—preinvex functions.
(IT) Taking hy(t) = ha(t) = t(1—t), then we get exponentially generalized (m,w, tgs)—

preinvex functions.
VI—t Vit
Vit

(ITT) Taking hq(t) = and hao(t) = T then we get exponentially gen-

eralized (m,w)—MT—preinvex functions.

In this section, we obtain Hermite-Hadamard type inequalities for exponentially
generalized (m,w, hy, ho)—preinvex function via Riemann-Liouville fractional inte-
gral.

Theorem 2.5. Let K = [ma, ma+n(b,ma)] C R be m—invex set with respect to the
bifunction n: K x K — R for some fized m € (0, 1], where a < b and n(b,ma) > 0.
Suppose hi,hy : [0,1] — [0,400) be continuous functions. Let f,g: K — (0,+00)
be exponentially generalized (m,w, hy, hy)—preinvex functions. If f,g € L(K), then
for w € R and a > 0, the following inequality holds:

F(O‘) o f(ma) a (ma)
n(b,ma) { (ma+n(b,ma))~ € + J(ma-tn(b,ma)) - € }
<m (e“’f(“) n ewg@) Hi(a) + (e“f(b) + ewg<b>) Ha(a), (2.2)
where )
Hi(a) = / t* thi(t)dt, Yi=1,2.
0
Proof. From exponentially generalized (m,w, hy, ho)—preinvexity of f and g for all
t € [0,1], we have
el (mattn(bma)) < mhl(t)e“’f(a) + hQ(t)e‘“f(b)

and
ed(mattnbma)) < ynp. (£)e*9@ 4 hy(t)e9®),
Adding both sides of the above inequalities, we get

ef(ma+tn(b,ma)) _|_eg(ma+tn(b,ma))

<m (e“f(a) + e“’g(“)) hi(t) + (e“’f(b) + e“’g(b)) ha(t). (2.3)
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Multiplying both sides of inequality (2.3 with t*~1 and integrating over [0, 1], we
obtain

1
/ o1 |:ef(ma+t'r](b,ma)) + eg(mathn(b,ma)):Idt
0

1 1
< m<€wf(a) +6wg(a)>/ F T ()t + (ewf(b) +ewg(b)>/ F Ly (1)t
0 0

Using Definition we get the required result (2.2)). O

Corollary 2.6. In Theorem (2.5, if we choose m = 1 and n(b,ma) = b — ma, we
have

I'(a)
(b—a)

< (ewﬂa) n ewg<a>) Hi(a) + (e‘*’f(b) n ewg<b>) Hy(a). (2.4)

{ Jo el (@ 4 o eata) }

Corollary 2.7. In Theorem[2.5, if we choose o =1, we get
LY L VIO ST
o )
<m (ewf(a) i ewg(a)) Hy + (ewf(b) i ewg(b)) Hy, (2.5)
where )
H; :/ hi(t)dt, Yi=1,2.
0
Theorem 2.8. Let K = [ma, ma+n(b,ma)] C R be m—invex set with respect to the
bifunction n : K x K — R for some fized m € (0, 1], where a < b and n(b,ma) > 0.
Suppose hi, ha : [0,1] — [0, +00) be continuous functions. Let f,g: K — (0,+00)

be exponentially generalized (m,w, hy, he)—preinvez functions. If f,g € L(K), then
for w € R and a > 0, the following inequality holds:

F(Oé) e f(ma+n(b,ma)) o (ma)
W{ ey ™D ey}

<m (e‘*’f(“)C’l(a) + ev9 @ H, (a)) + ef O 0y () 4+ 9 Hy(a), (2.6)
where )
Cila) = / (1 — 0o hy(t)dt, Vi=1,2
0
and Hi (o), Hy(c) are defined in Theorem[2.5

Proof. From exponentially generalized (m,w, h1, ha)—preinvexity of f and g for all
t € [0, 1], we have

ef (mattn(b.ma)) < mp) () f (@ 4 hy (1) e ®)
and

ed(matin(.ma)) < p ()90 4 hy(t)e?I®).

Multiplying first above inequality with (1 — )1, the second inequality with ¢~}
and adding both sides, we get
(1 _ t)a—lef(ma-ﬁ-tn(b,ma)) + ta—leg(ma-i-tn(b,ma))

<(1-t)et [mm(t)ewﬂa) n hQ(t)ewﬂb)} (2.7)
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ot [mhl ()ews(@) 4 h2(t)ewg<b>} .

Integrating over [0, 1] both sides of inequality (2.7) and using Definition we
get the required result (2.6)). O

Corollary 2.9. In Theorem if we choose m =1 and n(b,ma) = b — ma, we

obtain r
)

< e (a) + eIV H, (@) + eF D Cy(a) + €29 Hy(a). (2.8)
Corollary 2.10. In Theorem[2.8, if we choose a =1, we get Corollary[2.7

Remark 2.11. Under the conditions of Theorems [2.5] and using Remark 2.4] we
can get several new integral inequalities. We omit their proofs and the details are
left to the interested readers.

For establishing some new results regarding generalizations of Hermite-Hadamard
type integral inequalities associated with exponentially generalized (m,w, hy, ha)—
preinvexity via Riemann—Liouville fractional integrals, we need the following lemma.

Lemma 2.12. Let K = [ma,ma+n(b,ma)] C R be m-invex set with respect to the
bifunction n: K x K — R for some fized m € (0, 1], where a < b and n(b,ma) > 0.
Let f : K — R be differentiable function on K° (interior of K ) such that f' € L(K).
Then for a > 0, the following equality holds:

f(ma) | of(ma-tn(b,ma))

2
F(a + 1) o f(ma+n(b,ma)) a f(ma)
= 5y 1 nar D TG omay ¢}
b 1
= 77(,2ma)/0 [t*— (1 - t)o‘]ef(m“+t’7(b””a))f’(ma + tn(b, ma))dt. (2.9)
We denote b )
o n(b, ma
= (nem, a,) = 10 (2:0)
1
X / [t — (1 - t)o‘]ef(ma“"(b’ma))f’(ma + tn(b, ma))dt.
0
Proof. From (2.10), we have
o b, ma
E§ (n;m, a,b) = (b, ma) 5 )
1
X [/ teef (mattn(b:ma)) ¢ q 4+ tn(b, ma))dt
0
1
- / (1 — t)@ef mattnbma)) ¢ (a4 tn(b, ma))dt
0
n(b, ma) [_, o
= (T) [:f,1(77§m»a:b) - :f,2(77§m7a7b)}7 (2.11)

where

1
=% 1(n;m,a,b) = / teef (mattn(bma)) ¢ (i 4 tn(b, ma))dt (2.12)
0



FRACTIONAL INEQUALITIES 7
and
1
Efo(n;m,a,b) = / (1 — t)@ef tmattn(bma)) ¢ (g 4 tn(b, ma))dt. (2.13)
£ o

Now, integrating by parts (2.12)), changing the variable of integration and using
Definition [1.11] we get

« ma+tn(b,ma 1
=a (n.m a b) _ el n( ) ‘1 B « / ta—lef(ma-i-tn(b,ma))dt
P n(b,ma)  lo n(b,ma) Jo
ef(ma—i—n(b,ma)) F(Cl—f— 1)
= — o f(ma)
W) (s, ma) metnteamay =€ (2.14)
Similarly, using (2.13)), we obtain
ef (ma) T(a+1)

= () b) = — a f(matn(b,ma)) 215
#2(r;m. a.b) n(b,ma) = noti(b,ma) (ma)+€ ( )
Substituting (2.14) and (2.15) in (2.11]), we get the required result ([2.9). |

Using Lemma [2.12] we now state the following theorems.

Theorem 2.13. Let K = [ma, ma+n(b, ma)] C R be m—invex set with respect to the
bifunction n : K x K — R for some fixzed m € (0, 1], where a < b and n(b,ma) > 0.
Suppose hy,hg 1 [0,1] — [0,4+00) be continuous functions. Let f : K — (0,+00)
be a differentiable exponentially generalized (m,w, hy, ha)—preinvez function on K°
(interior of K ) such that f" € L(K) and w € R. If | |7 is generalized (m, h1, ha)-
preinvez function, then for a > 0, q > 1 and % + % = 1, the following inequality
holds:

n(b, ma)

2

x{fm2erd 0] f1(@)|" Gy + mA (g w a,b)F + eI O] ()]G,

EF(n:m, a,b)] < B(p,a) (2.16)

where

1
B(p,a):/o t* — (1 —t)*["at,

F:/O hy(t)ho(t)dt, Gi:/o [hi(t)]?dt, Vi=1,2

and
A(q;w,a,b) = ™| (B)|" + eI O)| f(a) |

Proof. From Lemma exponentially generalized (m,w, hq, ho)—preinvexity of
f, generalized (m, hy, hay)-preinvexity of | f’|?, Holder’s inequality and properties of
the modulus, we have

n(b, ma)

=5 (m:m, 0,b)] < =5

1
x/ [t = (1—1)7]
0

7(b, ma)
2

ef(ma+t?7(b,ma))f/(ma =+ tﬂ(b, ma)) ’dt
1

1 q
B(p, @) < / etftmattn®ma)| f(ma + ty(b, ma)) }th>
0

< n(b,ma)
=2

<

B(p, @)
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1

X (/01 [mhl(t)eqwﬂa) + hQ(t)eqwf(b)} [mhl(t)“/(a)’q " hz(t)|f'(b)|q]dt> a

n(b, ma)

= T/ Blp.a)

X f/mzeqwf(“) |£/(a)|"G1 + mA(q;w, a,b)F + ef®)| £/(b)]?Go.
The proof of Theorem is completed. O

We point out some special cases of Theorem [2.13]

Corollary 2.14. In Theorem if we choose m =1 and n(b, ma) = b—ma, we

get

ef(a‘) _|_ ef( ) (
2 2(b—

{ Jo el ® 4 go ef(a)}

Y /B (2.17)

x {/eqwf(a) |7(a)|"G1 + Alg;w, a,b)F + eI )| f/(b)|*G

Corollary 2.15. In Theorem[2.13, if we choose o =1, we obtain

ma ma+n(b,ma ma+n(b,ma)
ef(ma) o of( n( ) B 1 / n O gy
2 1(b;ma) Jma
1(b, ma)
S (2.18)

X f/m%qwf(a) |f(a)|'G1 + mA(q;w, a,b)F + e/ O)| f/(b)|*Gs.

Theorem 2.16. Let K = [ma, ma+n(b,ma)] C R be m—invex set with respect to the
bifunction n : K x K — R for some fized m € (0, 1], where a < b and n(b,ma) > 0.
Suppose hi,hg : [0,1] = [0,400) be continuous functions. Let f : K — (0,+00)
be a differentiable exponentially generalized (m,w, hy, ha)-preinvez function on K°
(interior of K) such that f' € L(K) and w € R. If | f'|7 is generalized (m, hy, ha)—
preinvez function, then for a > 0 and q¢ > 1, the following inequality holds:

n(b, ma)

; [B(1,0)]' 7" (2.19)

12¢(n;m, a,b)| <

x {/m2east @] /()| Py () + mA(g; 0, 0,0)S(a) + eSO £1(8)|* Py(a)

where
a):/o 4% — (1= )% ]y (D) ha(t)dt

1
:/ [t* — (1= t)*|[hi(t)]?dt, Vi=1,2
0
and B(1,a) (for value p=1) and A(q;w,a,b) are defined in Theorem .
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Proof. From Lemma exponentially generalized (m, w, hy, he)—preinvexity of f,
generalized (m, hy, ho)—preinvexity of | f'|?, the well-known power mean inequality
and properties of the modulus, we have

n(b, ma)

1
x/ [t* = (1—1)%]
0

< n(b,ma)
)

ef (mattn(b.ma)) ¢/ (1 4 (b, ma)) ’dt

1—1

[B(1,a)] *

1 q
% (/ |ta _ (1 _ t)a|6qf(ma+t77(b,ma))|f/(ma th?](b, ma))|th>
0

< M09 (1))~

Q=

1
q

x [ / [t = (1) [mhn (e O ()™ O | [ma ()] /()] "+ha(8)| 1 ()] dt]

b 1
_ 77( v2ma’) [B(l,a)]l <11
X {Z/mge‘lwf(“) |£/(a)|"Pi(e) + mA(q;w, a,b)S(a) + eI )| f(b)|* Py (ev).
The proof of Theorem is completed. O

We point out some special cases of Theorem [2.16]

Corollary 2.17. In Theorem if we choose m =1 and n(b,ma) = b —ma, we
get
ef@ 4+ efO T(a+1)

_ a o f() 4 go f(a)}

2 2(b— a) {Ja*e e
b—a)
2
% {fer1@| /()| Pi(a) + Algiw, a,b)S(a) + e | /(b)) Pa(a),

Corollary 2.18. In Theorem[2.16, if we choose o =1, we obtain

ef(ma) o of (ma+n(b,ma)) 1 ma-+1(b,ma)

2 (b, ma) /

—~

< [B(1,0)]" " (2.20)

e gt

< 277 (b, ma) (2.21)

x il/erqu(“) |£/(a)|"Q1 + mA(g;w, a,b)O + ex= /)] £/(b)]"Qs,

where
1 1
9:/ |2t — 1]h(t)ha(t)dt, Qi:/ |2t — 1|[hs(t)]?dt, Vi=1,2.
0 0

Remark 2.19. Under the conditions of Theorems and using Remark [2:4]
we can get several new integral inequalities. We omit their proofs and the details
are left to the interested readers.
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3. APPLICATIONS

In this section, we provide some new error estimates for trapezoidal quadrature
formula. Let P be the partition of the points a = 29 < x1 < ... < xp = b of the
interval [a, b]. Let consider the following quadrature formula:

b
/ K@) dy = T(f,P) + E(f, P).

where
-1

M

Tip1 — T;)

of (@) + of (@ m]

1=0

is the trapezoidal version and E(f, P) is denote the associated approximation error.

Proposition 3.1. Let f : [a,b] — (0,+00) be a differentiable exponentially gen-
eralized (w, hy, hg)—convex function on (a,b), where a < b and w € R. Suppose
hi,hg :[0,1] = [0,400) be continuous functions. If | f'|? is generalized (m, hy, ho)—
convez on [a,b] for ¢ > 1 and 1% + % =1, then the following inequality holds:

|E(f,P)| < WZ%;(%A — ;)

(fﬂi)|qG1 + A(q;w, x4, 2i41) F + eq"”c(:'““)|f’(=’lfi+1)|q(ﬂ72, (3.1)

x {fetsi@|

where

A(q;w, mi, wiq1) = eI f(@i40)| T + €9 @) | # ()|
and F, G1, Gy are defined in Theorem [2.13

Proof. Applying Theorem for « = m =1 and n(b,ma) = b — ma on the

subintervals [z;,2;41] (i = 0,...,k — 1) of the partition P, we have
ef (@) 4 ef(@it1) B 1 /lwr el @) dx < (x1+1 ;)
2 Titl — Ti Jyg, 29p+1

X \/ ’qu + A(q;w, xl,xl+1)F+quf(zl+1)|f’ Tit1 ‘ Gy (3.2)
Hence from 1) we get

|E(f,P)|=| [ ™dx—T(f, P)

Tit1 f(z:) + f(zit1)
{/ e/ dz — [e; (it1 — xz)}‘

Tit1 f(zi) f(@iv1)
{ / e @ dy — le +26 ] (Tit1 — :L‘z)}'

1
< - E A
Sl (@1 = 1)

IN

x et @0] ()| "G + Algiw, s, i41)F + et )| ()| o
The proof of Proposition is completed. O
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Proposition 3.2. Let f : [a,b] — (0,+00) be a differentiable exponentially gen-
eralized (w, h1, hg)—convex function on (a,b), where a < b and w € R. Suppose
hi,h2 : [0,1] = [0, +00) be continuous functions. If | f'|9 is generalized (m, hy, ha)—
convez on [a,b] for ¢ > 1, then the following inequality holds:

k—1

E(f,P)| <277 Y (wis1 — 2:)?

=0

X (/eqwf(m F(@)|" % + Algw, 24, 2i41)0 + 2l @) | f/(2,44)|'Q2, (3.3)

where A(q;w,x;, ;1) is defined from Proposition and O, Qy, Qo are defined
from Corollary [2.18

Proof. The proof is analogous as to that of Proposition taking « =m =1 and
n(b,ma) = b — ma in Theorem [2.16] O

Remark 3.3. Under the conditions of Theorems and using Remark
we can deduce several new bounds for the trapezoidal quadrature formula using
above ideas and techniques. We omit their proofs and the details are left to the
interested readers.

4. CONCLUSION

This new class of functions called exponentially generalized (m,w, h1, ha)—preinvexity
can be applied to obtain several new results in convex analysis, related optimization
theory, etc. The authors hope that these work may stimulate further research in
different areas of pure and applied sciences.

Acknowledgments. The authors would like to thank the anonymous referee for
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